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Résumé We are concerned with a nondifferentiable multiobjective programming problem with inequality
constraints. We define new class of nondifferentiable functions called dj-invexity in which each component of
the objective function is directionally differentiable in its own direction d;. In the following, from Suneja and
Srivastava [6], Mishra and Noor [3], Slimani and Radjef [5], we introduce new classes of problems called d;-V-type
I, quasi-, pseudo-, pseudo quasi-, quasi pseudo- d;-V-type I with respect to (1:); and (6;);. In the framework of
the new concepts, we prove new Fritz-John type necessary and Karush-Kuhn-Tucker type necessary and sufficient
optimality conditions for a feasible point to be weakly efficient or efficient solution. Moreover, we prove weak and
strong duality results for Mond-Weir type dual under various types of generalized d;-V-type I requirements.
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4.1 Preliminaries and definitions

The following conventions for equalities and inequalities will be used. If z, y € R", then
<y x <y, i=1,..n;
rSy& xSy, i=1,...n;
r<y&sx<yandx#y.
We also note RZ (resp. RL or RY) the set of vectors y € R? with y = 0 (resp. y > 0 or
y > 0).

Definition 1. /2] If f : D — R is locally Lipschitz at xo € D, the directional derivative
(in the sense of Clarke) of f at xy in the direction d € R", denoted by f'(xo;d), is given by
Mo o 1) — Tiyy 4(@otAd)—f(z0)

f (an d) - )\ILI(I)L Y ’

whenever this limit exists.

f s directionally differentiable at xq if its directional derivative exists finite in all directions.
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Ye [7] has defined the invexity in the nondifferentiable case for the function f by taking
all its components directionally differentiable in the same direction d. In the following
definition, we define the d;-invexity at a point xq for f, where each component f;, i =

1,..., N is directionally differentiable in its own direction d;.

Definition 2. Let f : D — RY be defined on a non-empty open set D C R"™ and for all
i =1,...,N, f; is directionally differentiable at xo € D (not necessary in all directions).
[ is called dy-invex at xo on D with respect to (1;);—, if there exists N vector functions
n:DxD—=R" 1=1,.... N, such that for any x € D

fi(z) — fi(wo) 2 f{(ﬂfo;ni(maxo))a foralli=1,..., N, (4.1)

where fl(xo;ni(x,z0)) denotes the directional derivative of f; in the direction n;(z, zo).

If inequalities (7.2) are satisfied at any point xo € D, then f is said to be dr-invex on D

with respect to (1;);—1-

Remark 1. In the above definition, it doesn’t require that the directional derivative exists
finite in all directions for each component f;, ¢ = 1,..., N. Further, it is not necessary
that all the components to be directionally differentiable in the same direction, which may

widen the area of application.

In order to illustrate the definition 2, we give the following example.

Ezample 1. Consider the function f = (fy, f2) : R? — R? defined by
Fulzy, ) = 0, ifxy=0o0rzo =0;
REE2) 7 1 + 24, otherwise.
1+ 22 ifx; #0and 29 =0;
fo(my,29) =< 1423, if x; =0 and x5 # 0;
0, otherwise.
Clearly, fi and f, are not differentiable functions at zq = (0,0), but only directionally

differentiable functions at this point. Further there exists no function n(z, zo) = (0,0) such
that for any x € R? f](zo;n(x, 7)) and f}(zo;n(x,z0)) exist and finite, it follows that
there exists no function n(z,z¢) = (0,0) for which f is d-invex at zp on R". But f; is
directionally differentiable at xy in the direction n;(z,x¢) = (0,v(x, o)) (or m(z,z9) =
(v(,20),0)) with y(z,z9) # 0, V & € R? f, is directionally differentiable at xq in the
direction ny(z, x0) = (a(z, o), B(z, o)) With a(z,x¢) # 0, B(z,70) #0, ¥V € R* and f

is d;-invex at xy on R"™ with respect to (7;)i=12-

Consider the following multiobjective programming problem
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(VP) Minimize f(x) = (fi(x),..., fxn(x)),
subject to g(z) =0,

where f: D — RY, g: D — R* D is a nonempty open subset of R”.
Let X = {z € D/g(x) = 0}, the set of feasible solutions of (VP) and for zy € X, we denote
J(@0) = {7 € {1, sk} /g5(20) = O}, J(w0) = {j € {1, sk} g5(0) < O}

Now following Suneja and Srivastava [6], Mishra and Noor [3], Slimani and Radjef [5]
and the definition 2, we define the generalized d-V-type I problems.

Definition 3. We say that the problem (VP) is of dr-V-type I at xo € X with respect to
(m:)i—t and (0;) ;1% if there exists (N + k) vector functions n; : X x X = R", i =1, I,N
and 0; : X x X — R", j =1,k such that for allz € X :

fi(x) — fi(xo) = fl(xo;mi(x,30)), Vi=1,..,N, (4.2)

Definition 4. We say that the problem (VP) is of quasi d;-V-type I at xq € X with respect
to (n:);—tw and (0;);_1%, if there exists (N +k) vector functionsm; : X x X = R", i =1,N
and 0; : X x X - R", j = 1,k such that for some vectors ji € Rg and \ € R’; :

ZM filz) = fi(zg)] £0 = Z,ul (xo;mi(x,20)) =0, VeX, (4.4)
i=1
Z)\]gj z9) 20 = Z)\]g] zo;0;(z,20)) =0, VoeX. (4.5)

Definition 5. We say that the problem (VP) is of pseudo d;-V-type I at xy € X with
respect to (1;);—i and (0;);_1%, if there exists (N + k) vector functions n; : X x X —
R" ¢ = 1,N and 0, : X xX = R" j= 1,k such that for some vectors i € ]Rg and
A €ERE :

N N
Zuif{(fl?o;ni(fc,wo)) 20 = Zui[fi(x) — filz0)] 20, V2 € X, (4.6)
k
Zx\]gj x0;0;(x,20)) 20 = Z)\]g] (xg) £0, Ve X. (4.7)

Definition 6. We say that the problem (VP) is of quasi pseudo dr-V-type I at zo € X
with respect to (n;);—i and (0;);_7%, if there exists (N + k) vector functions n; : X x X —
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R"i=1,Nandt; : X x X = R", j = 1,k such that for some vectors u € Rg and
A ERE :

N N
i=1 i=1
k
Z)\]g] zo;0j(x,20)) 20 = Z)\]gj (29) =0, Ve X. (4.9)
J=1

Definition 7. We say that the problem (VP) is of pseudo quasi dr-V-type I at zo € X
with respect to (n;);—i and (0;);_1%, if there exists (N + k) vector functions n; : X X X —
R", i = 1,N and 0, : X xX = R" j= 1,k such that for some vectors ji € R]:V and
A €ERE :

N N
> wifl(oimi(z,w0)) 20 = Y wlfix) = filw)) 20, Yz € X, (4.10)
i=1 i=1

Z/\JgJ r9) =20 = Z/\Jgj zo;0(x,20)) £0, Ve X. (4.11)

4.2 Optimality conditions

In recent paper, Slimani and Radjef [5] considered a number of necessary and suffi-
cient optimality conditions which depend on generalized V-type I problems with respect
to (mi);—tw and (6;);_77- In this section, we adapt their results to the classes of nondiffe-

rentiable problems.

Theorem 1. (Sufficiency) Let xo be a feasible solution for (VP) and suppose that there
exists (N + J) vector functionsn;: X x X - R", i =1,N, 0; : X x X - R", j € J(x)

N
and scalars yu; =0, 1 =1, N, Z,ui =1, )20, j€ J(xo) such that the following relation
i=1
18 satisfied :
N
Zu fi(zo;mi(x, o)) Z )\Jg] xo;0;(z,20)) 20, ¥V € X. (4.12)
i=1 j€J(x0)

Moreover, assume that one of the following conditions is satisfied :
(a) the problem (VP) is quasi strictly-pseudo d;-V-type I at xo with respect to (n;);_1w
and (0;) jeo) ;
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(b) the problem (VP) is semi strictly-quasi d;-V-type I at xo with respect to (0;);—7 ¥,
(05)jca(@y) and for p and X ;
(c) the problem (VP) is strictly-pseudo dr-V-type I at xo with respect to (0;);_1,
(05)jci(zo) and for p and A.
Then xzq is an efficient solution for (VP).

Antczak [1] has given necessary conditions for g € X to be weakly efficient solution for
(VP) by taking the functions f;, i = 1, N and g;, j € J(z¢) directionally differentiable in
the same direction 7(x, z¢). Now we give necessary optimality criteria by considering each
function f;, i = 1, N (resp. gj, j € J(w)) directionally differentiable in its own direction
ni(z,20), i =1, N (resp. 0;(z, ), j € J(x0)).
Theorem 2. (Fritz John type necessary optimality conditions) Suppose that
(1) zo is a weakly efficient solution for (VP);
(1) g; is continuous at xo for j € j(mo) and there exists vector functions n; : X x X —
R i =1,N,0; : X x X = R" j € J(zxo) which satisfy at zy with respect to
n: X x X — R” the following inequalities for all v € X,

fl(zo;n(x, 20)) £ fi(mo;mi(z,20)), i =1,N, (4.13)

gi(zo;n(w,70)) = (w05 05(, 70)), j € J(w0); (4.14)

(ii) the functions fi(wo;ni(x,w0)), i = 1, N and g;(wo;0;(x,20)), j € J(xo) are pre-
vex of x on X with respect to v : X x X — R";
Then there exists (j1, ) € ]RJEVHJ(J”O)' such that (xg, u, A) satisfies

N
=1

jGJ({Eo)
Now, we need a constraint qualification to prove the next result.

Definition 8. The nondifferentiable function g is said to satisfy the dj-constraint qualifi-
cation at vy € X with respect to (6;) (o) if there exists T € X and 6; : X x X - R", j €
J(zo) such that

g;(xo;ej(:f,xo)) <0, Vje J(x). (4.16)

Thus, the following KKT type necessary optimality conditions for (VP) are satisfied.

Theorem 3. (Karush-Kuhn-Tucker type necessary optimality conditions) Suppose that the
conditions (i), (ii) and (iii) of Theorem 6.1 are satisfied and the function g satisfies the
dr-constraint qualification at xo € X with respect to (0;);ci(y)- Then there exists p € RZZV
and \ € ]R'ZJ(IO)‘ such that (xg, 1, A) satisfies the relation (4.15).
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4.3 Mond-Weir duality

In relation to (VP) and using the relation (4.15), we consider the following multiobjective
dual problem, which is in the format of Mond-Weir [4].

(MWD)  Maximize f(y) = (fi(y), -, In(¥)),

subject to

Zm (Wimi(,y) + Y ANigj(yi0;(w,y)) 20, Vo e X. (4.17)
JE€J(y)
yeX, pe RY, NeRYW 5 X x X 3R, Vi=1,..,N, §;: X x X > R", Vj€
J(y).
We let Y be the set of feasible solutions of problem (MWD);
We denote by PrxY the projection of set Y on X.

Theorem 4. (Weak duality) Let xo and (y, i, N, (0:);—1 7, (0;)jes(y)) be feasible solutions
for (VP) and (MWD) respectively. Moreover, assume that one of the following conditions
18 satisfied :
(a) the problem (VP) is pseudo quasi d;-V-type I at y with respect to (0;);_1 7, (0;)jciy)
and for p and A (with > 0);
(b) the problem (VP) is strictly-pseudo quasi dj-V-type I at y with respect to (n;);—1 7,
(0)jci) and for p and .
(¢) the problem (VP) is quasi strictly-pseudo dj-V-type I at y with respect to (n;);—1 ¥,
(9')]-6]@ and for p and A.
Then f(z) £ f(y

Remark 2. If we omit the assumption x> 0 in the condition (a) or the word strictly in the
condition (b), we obtain, for this part of theorem, f(z) £ f(y).

Theorem 5. (Strong duality) Let xo be weakly efficient solution for (VP) and suppose that
the conditions (ii) and (iii) of Theorem 6.1 are satisfied. Assume also that the function g
satisfies the di-constraint qualification at xo with respect to (0;);cs(z,)- Then there exists
peRY and X € Rlz‘](x(’” such that (o, p, A, (1)1 (0j)jes@0)) € Y and the objective func-
tions of (VP) and_(MWD) have the same values at xo and (o, jt, A, (i) ;=15 (05)jeI(20))
respectively. If, further, the weak duality with the condition (a) without (1 > 0) (resp.
with the condition (b) or (c)) between (VP) and (MWD) in theorem 4 holds, then
(zos 1, Ay (1) it (05)jeswo)) € Y is a weakly efficient (resp. an efficient) solution of
(MWD).
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