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Diversification in Portfolio Selection Problems: A Definition and some

Financial Consequences.
Mohamed TOUATI-TLIBA'

Abstract: The purpose of this article is to propose a general definition
of « more diversified » in portfolio problems and relate this definition to the
optimal investment strategy. Central to this concern is the identification of
what it is that is diversified and what determine the desirable degree of
diversification. Some partial diversification results are provided using both
the general expected utility model for arbitrary distributions as well as
standard parametric distributions suitable for portfolio theory emphasizing
the role of different parameters in determining the degree of diversification.
It is shown that if the random vector of returns Yis a mutual fund
transformation of X then every risk averse investor diversify more under X .
Furthermore, for elliptical and skew-normal distributions, necessary and
sufficient conditions are given to insure that short sales are not the optimal
investment strategy for all risk-averse investors.-We also discuss the relation
between relevant parameters of two distributions that imply more
diversification under one distribution rather than the other.

Key words: Portfolio selection, Diversification, Majorization, Negative
interdependence, Elliptical ~distributions, Skew-elliptical ~distributions,
Separating distributions.

1/ Introduction

An important motivation for the theory of portfolio choice is the
phenomenon of diversification. When faced with the problem of allocating
wealth to n alternative (but not mutually exclusive) risky investments, most
investors do not choose a unique asset but they diversify their holdings
among the n assets. The theory has developed from a need to rationalize
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diversification as an optimal investment strategy and from a need to derive
the financial consequences of this strategy. As explained by Scheffimar
(1975), the interest in knowing whether investors would tend to diversify
(hold all assets long), to concentrate (hold only one asset) or take shor
positions has important implications for the “size” and “depth” of the capita
markets and the effects of various changes on these markets.

The mean variance theory of portfolio selection of Morkowitz (1952
and Tobin (1958) and its market equilibrium extension, the capital assel
pricing model (CAPM), of Sharpe (1964), Lintner (1965) and Mossir
(1966) provided an explanation of the diversification phenomenon.

Investors, according to the mean variance theory, dislike variance and seek
to reduce it by diversifying their holdings among the alternative assets giver
their subjective return to risk tradeoff. At equilibrium, investors are
compensated by a higher mean only for bearing systematic risk; al
nonsystematic risk is diversified away. In a world with a riskless asset, the
extent of diversification in a particular portfolio of risky assets is measurec
by the correlation coefficient with the market portfolio, which is the most
diversified by definition. The theory does not provide an explicit definitior
of diversification.

An important implication of the mean-variance analysis, due to Morkowitz
(1952) and Tobin (1958), is the two fund separation theorem. Given a world
with a riskless asset, the optimal portfolio of every risk averse investor is
simply a subjective combination of the same fund of risky assets and the
riskless asset. In a world without a riskless asset, Black (1972) generalized
the two fund separation theorem using two efficient funds of risky assets.

Criticisms of the mean variance analysis stems from the objections
to variance as a measure of risk (see Rothschild & Stiglitz (1970), Hadar &
Russel (1969) and Hanoch & Levy (1969)), to the use of quadratic utilities
(see Arrow (1971) and Samuelson (1967b)), to the assumption of normality
of the distribution of assets returns (see Fama (1965b), Samuelson (1967a),
Blattberg & Gonedes (1974), Longin (1995), Duffie & Pan (1997)) and to
the correlation coefficient as a model of dependence between asset returns
(see Samuelson (1967b)), Brumelle (1974), Scheffman (1975) and Epstein
& Tanny (1980)).

To demonstrate the validity of the mean-variance analysis,
Samuelson (1970) has shown that it is a good approximation for “compact”
distributions and Merton (1971) has justified it in intertemporal portfolio
problems when trading takes place continuously. Chamberlain (1983) used
the elliptical class of distributions to characterize asset returns distributions
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that imply mean-variance utilities. Owen and Rabinovitch (1983) showed
that elliptical distributions extend the Tobin (1958) separation theorem and
the results of CAPM to non normal symmetric distributions which are not
necessarily stable.

Touati-Tliba (2003) discussed, within the mean-variance framework,
differences between normal and non normal elliptical distributions,
cspecially those with heavier tails than normal, focusing on the role of
Kurtosis, as a measure of fatness of tails, in determining the optimal
investment strategy of risk-averse investors

Extensions of the basic mean-variance theory to include higher order
moments can be found in Rubinstein M. (1973), Kraus and Litzenberger
(1976), and more recently in Jurczenko & Maillet (2001), Simaan (1993a),
Adcock & Shutes (1999) and Adcock (2002).

Rubinstein M. (1973) derived an equation for expected return in terms of an
arbitrary number of co-moments. Unlike Kraus and Litzenberger (1976) and
Jurczenko & Maillet (2001) who used a utility justification for a mean-
variance-skewness framework, Simaan (1993a), Adcock & Shutes (1999)
and Adcock (2002) used more general laws.

Simaan (1993a) developed a three parameter normative portfolio analysis
where idiosyncratic security risks are modeled as following a joint elliptical
distribution and skewness is generated by a single factor for the whole
economy upon which different securities have different loadings. He
showed that his generating process results in a three fund separation and
provides a three parameter CAPM.

Adcock & Shutes (1999) used the multivariate skew-normal distribution,
developed first in the statistics literature by Azzalini & Dalla Valle (1996),
to develop a mean-variance-skewness framework. In order to incorporate
both kurtosis and skewness, Adcock (2002) presents an analysis based on
the multivariate skew-student distribution.

Ross (1978) described the necessary and sufficient conditions on
distributions of asset returns for portfolio choice to be equivalent to choice
among a limited number of mutual funds, independent of investors’
preferences. He called such distributions the separating distributions and
asserted that his work is the dual of the work of authors like Cass & Stiglitz
(1970) who have developed conditions on utility functions which imply
separation for all distributions.

The issue of diversification is central to the analysis of portfolio
selectipn problems. Most of the early diversification results in portfolio
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analysis can be found in Samuelson (1967b). Within the context of the
general expected utility model, many authors’ derived sufficient conditions
on the distributions of asset returns under which diversification is the
optimal investment strategy for all risk adverse investors.
Samuelson (1967b), Davies and Ronning (1974) and Hadar & Russel
(1971,1974) showed that exchangeability (symmetry of the joint distribution
of asset returns) is sufficient for total diversification in the sense that the
proportions invested in each asset are equal for all risk averse investors.
In other studies, mostly in a two assets world, various notions of negative
interdependence in asset returns were presented and shown, when the two
assets have equal means, to be sufficient for positive diversification i.e.
holding assets long. In fact, as argued by Brumelle (1974), negative
correlation is neither necessary nor sufficient for diversification, except in
special cases implying mean-variance framework.
Samuelson (1967b) provided a sufficient condition for positive
diversification using the concept of conditional probability.
Another notion of negative interdependence was introduced by Brumelle
(1974) and shown to be sufficient for diversification in the two assets case.
Scheffman (1975) defined a new concept of generalized correlation (G-
correlation) between asset returns and showed that all risk-averse investors
hold positive amounts in each asset in the case of negative G-correlation.
Epstein and Tanny (1980) took the analysis further by turning from the
question of the optimality of diversification to an examination of the degree
of diversification. They characterized « more negatively interdependent »
between two random variables (assets) through the notion of “elementary
correlation increasing transformation” (CIT) and asked if CIT induces a
risk-averse investor to diversify more « in the sense that he will divide his
total investment more equally between the two assets. » (See Epstein and
Tanny 1980, p. 125)
Their definition allows an answer to this question, in the case of equal
means. only in special cases, for example, when utilities are quadratic or
when the bivariate distribution is normal.
It should be noted that, for diversification, the equality of the means of asset
returns is essential. Of course, exchangeability implies equal means. On the
other hand, for positive diversification, Brumelle (1974) and Hadar &
Russel (1971), for example, have noted that if all risk averse investor should
diversify then the means are necessarily equal.

In an empirical study, Levy (1979) found that diversification
between industries is preferable to a random diversification given a short-
term horizon, ¢.g. one year or less.
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(‘onine & Tamarkin (1981) state that total diversification is the rational
investment strategy for a risk averse investor in a homogeneous market if he
Is concerned only with the first two moments of asset returns. To rationalize
the observed behavior of market participants which shows that the majority
of individual investors hold imperfectly diversified portfolios, they add that
“Anti diversification may obtain because increasing the number of risk
assets in a portfolio not only will reduce variance, a positive consideration,
but also will reduce portfolio skewness, a negative consideration”.

The purpose of this research is to reexamine the issue of
diversification by proposing a general definition of « more diversified » in
portfolio problems and relating this definition to the optimal investment
strategy. Central to this concern is the question of what it is that is
diversified and what the desirable degree of diversification is. Some partial
diversification results are provided using both the general expected utility
model for arbitrary distributions as well as standard parametric distributions
which proved to be useful in portfolio theory emphasizing the role of
different parameters (mean, variance, skewness,...) in determining the
degree of diversification in the portfolios of risk averse investors.

2/ Diversification in portfolio selection problems: A definition

Consider an investor with initial wealth wy, >0 to be invested in n

risky assets available in the market and indexed by the set
N={L2,.....n} , VieN define X; to be one plus the uncertain rate of

return on the asset / and a; is the proportion of wealth invested in asseti

the portfolio problem is:
max £ (u(woa’X ))
aelA
Where A :{}ue R"/A'e=1} denote the set of all feasible portfolios,

¢e R" is a vector of ones and prime denotes the transpose of a vector.

We assume that assets are infinitely divisible and investors are risk-averse
expected utility maximizers. The function () is assumed to be increasing,

concave and at least twice continuously differentiable, when u satisfies
these conditions we write ueU .
T'he assumption of risk aversion is standard in the economics of uncertainty

literature, it is more so in portfolio analysis. If we drop this requirement and
assume risk neutrality instead then the portfolio problem as defined above
has the form of a continuous knapsack problem. Hence, when short sales




are allowed then the problem is unbounded, otherwise the optimal strateg
is the concentration of investment in the asset that has the highest mean.
Note that short sales are allowed here because among other reasons® w
want to examine the extent of diversification, imposing restrictions on shos
sales would imply imposing a degree of diversification.

Before discussing diversification in the context of portfolio problem
we need to introduce first some notations and establish some definitions.

For a scalarr e R, define the simplexA, = {,16 R"/Ale= r} , O
A, we define the preorder relation <, as follows:

Definition 1: We say that a is majorized’ by b and write a<,, b if an

only if:
(i) acA, and beA, for some reR

k k
(i) D.a, <>'b keN={2,...n}
=] i=]
where a” and b" are the vectors a and b rearranged in a decreasing order.

Remarks:
1/ the relation <, is only a preorder. It is not anti symmetric, in fac

a<, b and a<, b imply a=>bI1 for some permutation matrixIT .

2/ it can be shown® that the following statements are equivalent:

) a=,b

ii) a=0b where Q is some doubly stochastic’ matrix

iii) a € convex hull {bH,. =12 n!} where II, are the permutatio:

matrices.

iiii) a can be derived from b by successive applications of a finite numbe:
of  Ttransformations; a 7  transformation is given by
T, =al+(1-a)0, acl0,] and O, is a permutation matrix tha

interchanges the i” and the 7" coordinates and 7 is the identity matrix.

> With restriction on short sales, it is quit difficult to characterize the mean-variance
efficient set of portfolios. Dybvig (1985) showed that kinks in the efficient set are the rule
rather than the exception if short sales are not allowed.

> See A. Marshall & 1. Olkin (1979)

* See Marshall & I. Olkin (1979)

> The matrix Q is doubly stochastic if and only if qg; 20 ,e'0=e" and Qe=e.

Xn
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3/ If the function w:R" — R is increasing with respect to<,, , it is said to be
Schur-convex and if a<,, » = w(a)>w(b) then wis said to be Schur-
concave.

Epstein and Tanny (6) raised an important question about the nature
of interdependence between assets that induces a risk-averse investor to
diversify more in the sense that he will divide his total investment more
cqually between these assets. This question raises the need to establish a
peneral definition of “greater diversification” in the context of portfolio
selection and then to seek the conditions that imply more diversification.

We propose the following definition®:

Definition 2: Let a,b e A, a is said to be “more diversified than” b if and
only ifa<,, b.

This definition is, on one hand, very intuitive. Portfolio a is more
diversified than portfolio » means that the sum of the £ largest proportions
of portfolio a is not larger than that of portfolio 5 for
allke N :{1,2,....,:1}. On the other hand, it is appealing because it is
independent of investors” preferences as well as of returns distributions.
Furthermore, it is potentially useful in providing a unified conceptual
framework to the theory of diversification in portfolio selection problems as
it provided a unified framework to the theory of inequalities in mathematics.
Of particular interest, in the portfolio problem context, are the following
three sets:

A= {l eR"/Ae= 1} the set of all feasible portfolios with no restriction
Ay = {A €R} /Ale= 1} the set of all portfolios with restriction on short sales:
A {/1 eR? [ Afe= 0} the set of arbitrage portfolios:

1
Note that: 1/If ae A then —e <, a
n

1 ,. (1 ifi=]
2/1f ae A, then —e<, a<, e where e; = J,
n 0 Otherwise

3/1f ae A, then 0<,, a

®1 am indebted to professor D. Nachman for this definition.
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Clearly, the portfolio e is the most diversificd and the
n

portfolioe’,ie N, is the most concentrated if short sales are not allowed.
Note that all the usual diversification forms, common in the literature, might
be expressed in terms of majorization. We may express the requirement of

b ” 1 oon : I
total diversification by writing a <,, —e which imply nccessarilya = —e.
n n

Similarly, for non negative diversification, when short sales are not
desirable or allowed, we writea <, e'. Likewise if we want (o exclude
concentration and impose some degree of positive diversilication we write
a<, e and a#e'. Furthermore, this definition allows expressing naturally

the question of greater diversification between portfolios.

In addition, this notion of “more diversification™” is related to the well
known Lorenz curve as applied to the distribution of weulth between
alternative assets in a particular portfolio.

k

Defines, =Za: k € N. The points {(E,sk]/k = N} define the Lorenz
i=1 ~ n

curve.

Given the definition above, we reexamine the issue  of
diversification. In particular, we want to characterize the relation between
asset returns distributions that make all risk adverse investors diversify more
under one distribution than under the other.

3/ Some diversification results in portfolio selection problems

For the random vector of returns X € R” and the doubly stochastic
non singular matrix Q , we define the transformationY ~ (X . To interpret

this, notice that Y is a vector of portfolios of X we may then say that Yis a
mutual fund transformation’ of X .

Theorem 1: The mutual fund theorem.
Let X € R"” be a random variable and let Y - OX where O is a
doubly stochastic matrix, we define the two problems:

" The mutual fund transformation expresses the notion of stochastic majorization between
two random vectors (see Marshall & Olkin).
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Py: max E(u(a'X)) and Py: max E(u(a'Y)) whereueU .
aeA aeA

If Px has an optimal solution ay then Py has an optimal solution ay that
satisfies ay <, ay .

Prbof of the mutual fund theorem:

Note that if ¥=0X then Vae A there exists a solution be A such that
E(u(a'X ))= E(u(b'Y)) and vise versa.
Thus, max E(u(a’X ))= max E(u(a'Y))

ae\ ac

Since ay is optimal for X , we have: E(u(a’y X ))=max E(u(a'Y))
ael
Hence E(u(a}( Q_IY))= max E(u(a'Y))
ael

Thus the optimal portfolio for ¥ can be given by ay =Q'"'a X
This implies ay =Q'ay and hence ay <,, ay  End of proof

Note that the mutual fund transformation insures that the difference
between X and Y that causes every risk averse investor to diversify more
under X is not a result of a change in the overall return-risk choices but
rather a result of a redistribution of these choices.

Whatever diversification means, the claim that mutual funds provide it
should be valid. Hence the optimal portfolio under ¥ need not be as
diversified as under X .

Remark: The notion that diversity implies more diversification is
intuitively acceptable. Notice that X presents more diversity between assets
than does Y and hence should imply more diversification.

In diversification studies, many researchers were concerned with
developing models of dependence between random variables (asset returns).
Positive (non negative) diversification has been associated with various
notions of negative interdependence between assets.

Brumelle’s (1974) notion of negative interdependence and Scheffman’s
(1975) concept of negative G-correlation as well as the correlation
increasing transformation of Epstein and Tanny (1980) are all weaker
sufficient conditions then the proposed definition of Samuelson’s (1967b). It
should be noted that all these notions imply that the correlation between the
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two random variables, is, pegative. (See Scheffman p.278, I'pstein and Tanny
(1980) p.23 and the discussion in Brumelle p.481).

Brumelle argued that “the most appropriate definition of negative
interdependence” in portfolio context “would be: x and y are negatively
interdependent if diversification by all risk-averse investors is optimal.”
(See Brumelle (1974), p. 474). However his argument is unfortunate for it
suggests that two (or more) positively correlated random variables are
negatively associated even when dealing with a multivariate normal
distribution where the correlation is unquestionably the appropriate model
of dependence. For example, suppose {X;, i=12...nf a set ol random
variables (asset returns) following a multivariate normal distribution with
E(X,)=p Vi, V(X;)=c? Vi and cor(X;, X ;)=p Visjandlet 0 p<i,
in fact we might take p=0.99 , yet the unique optimal strategy Lo the
portfolio problem, for all risk averse investors, is total diversification. It
would be really unfortunate to claim that the random variables in this
example are negatively interdependent. Of coursc, this 1s an example of
exchangeability. Our argument, here, emphasizes the need (o free the
definitions of “diversification” and ‘“greater diversilication”  [rom
dependence on investors’ preferences as well as from returns distributions
characteristics.

In general, negative correlation is neither necessary nor sullicient for
diversification. However, for special cases, for example when returns follow
an elliptical distribution the usual correlation coeflicient is all that s needed,
as a model of dependence, to study diversification.

The class of elliptical distributions is examined in detail by Kelker
(1970); it provides attractive appealing alternatives to normal distributions
and includes stable and non-stable members. Detailed discussions ol the
relevance of the elliptical class to portfolio problems can be found in Owen
and Rabinovitch (1983) and Chamberlain (1983).

Assuming the existence of the density, X ¢ A" s said (o be
elliptically distributed, written X ~&(A,©), with location vector A and

characteristic matrix Q if its density is of the form:

F(X)=c,l 1”-’-¢(("r’ Ayo (v A)
The function ¢() is a positive function of a scalar variable and ¢, is a
constant of integration.
We assume throughout that X'“J;'(f\-“) PPORRCHHCH k-2 moments, hence
E(X)=A and the covariance matrix % =€) lor somey o X, . Purthermore,
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assets are assumed to be linearly independent® , hence the matrix £ is non-
singular.

Under these conditions, Touati-Tliba (1983, 2003) established’ that
for all risk averse utilities, Vu e U , the optimal portfolio must satisfy:

= #
T eze M(wy,a'X)

vl 2" = A [E"A Zle]

eTIA €Tl
ere W, y)= — E(u”(woy¥(woy) it _ h(y)
Wh M (wg,y)=—2 i lry) th  I(y) 55 "

Ay —X ' :
Y f,(x)dx and A, .o} and f,(y) denote, respectively, the

)= [ =2

mean, the variance and the density function of Y.
5 -
Let ™= :2 , a' = IA
e'’Z e g’ Z A
portfolio a™ is the global minimum variance portfolio, o’ is a mean return
to risk tradeoff portfolio and 7 is an arbitrage portfolio that uses no wealth

since 7n'e=0. Notice that the efficient set of portfolios is spanned by the

and nze'Z‘lA(a’ —am). We see that the

two frontiers portfolios'® «™ and a'. Thus the elliptical class implies two

funds separation. However, if A=ke whereke R, this class implies one
fund separation.
As a special case, when X ~N(A,Z) and assuming constant absolute risk

aversion (CARA) utility functions with LLV):& , a€R,, the optimal

u'(y)

solution'' is given by:  aa)=a™ +——n where w, is the initial wealth.
awg

The next theorem generalizes a known result for normal
distributions'? to the class of elliptical distributions.

® Linear independence means that P(Z CiX; = 0)= 1=>¢; =0Vi.
? See theorem 1 in Touati-Tliba (2003).
1° 4" is a frontier portfolio, it is efficient only if & A5

'! These are the only conditions that imply a closed form solution. See Epps (1981)
2 See Scheffiman (1975), footnote 2 in p. 278.
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Theorem 2: Let X € R" such that X ~&(A,Q) where the covariance matrix
=9 is non-singular, then the necessary and sufficient conditions for

a' <, ¢ (non negative (positive) diversification), Vue U are:
) A=ke forsome keR
i) T7lex(>)0

Proof of theorem 2:

Without loss of generality set wy =1. According to theorem I, in Touati-
Tliba  (2003) VueU the  optimal  solution  satisfies:

1
" O

Where 7= e'Z‘lA(ar - a”’) and M, (y) ((M(.E’V)f)(v

In particular, for constant absolute risk aversion'’ (CARA) utility functions

u:am+

u'(y)

1/ If A=ke then a”™ =a’andn=0. Thus we havea" «a” Vue . But

with 250 o o, ek, , we have M, ()= M, ()= ~228 “/)(“),
Ie WV

T le>0 since T7' is positive definite, hence ¥ e = (=)0 implies
a* 2(>)0 YueU

I
2/ Ifa* 20 YueU, thena®=a" + —en=20 VYaeR, , in scalar
M ak) ey

: 1
notation we have a4 =g + ——n, 20 VYae R
’ /. Ma(a’*( )77,! |

We show in this case thatn=0. For supposen # 0, then there must exist
j€N such thatn; <0, note that lim M, (y)=0 implies a; <0 contrary to
a—0

our assumption, hencen=0.

e’ A

e’z e

Furthermore, if A=ke then &” =a™ YueU but this is nonnegative by
assumption.

But =0 implies a’ =a™ hence A= e=ke

I3 If, for the particular elliptical distribution considered, the moment generating function did
not exist, another parametric risk averse utility could be used with a choice of sufficiently
small degree of risk aversion without altering the main argument in the proof.




Since ¢'S !¢ >0 we must have T 'e > 0 End of proof

For elliptical distributions, according to the theorem, short sales are not the
optimal investment strategy for all risk-averse investors provided that means

of asset returns are equal and ! have non negative row sums.

To introduce skewness and following Simaan (1993a), denote by

X € R" the random vector of security returns, let A and 5 be two arbitrary
vectors and consider the following model of asset returns:

X=A+by+7Z
where conditional on y the random vector Z follows a joint elliptical
distribution Z/y~&(0,Q) and y is a univariate random variable. When

assets are uncorrelated, this model is the single factor (market) model. As
argued by Simaan, given the flexibility of the elliptical class of distributions
and the arbitrary choice of the distribution of y, this model allows
individual assets to exhibit skewness and does not admit, in general, two-
fund separation.

Note that if =0 we retrieve the original elliptical distribution. On the other
hand, if y follows an elliptical distribution then the joint distribution of X

is itself elliptical (see Keller (1970)) which imply, according to Chamberlain
(1983), a mean-variance expected utility. It is essential, therefore, to assume
that 5= 0 and to specify a skewed distribution for y in order for individual

assets to exhibit skewness and permit more than two-fund separation.

In the statistics literature, authors like Azzalini & Dalla Valle (1996)

and Sahu et al. (2003), using transformation and conditioning, developed the
skew-elliptical distributions.
By transforming (n+1) random variables following a multivariate normal
distribution where one random variable is assumed to be independent of
others then using conditioning on the independent variable being positive,
Azzalini & Dalla Valle (1996) obtained the multivariate skew-normal
distribution. Sahu et al. (2003) considered 2n random variables following a
multivariate elliptical distribution where the first n variables were assumed
to be uncorrelated among themselves and with the others. They used
transformation and then conditioning on the uncorrelated variables being all
positive to derive another version of skew-elliptical distributions (including
skew-normal distribution). The construction of these distributions with the
conditioning introduces skewness.
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In the finance literature, Adcock & Shutes (1999) used the
multivariate skew-normal distribution to develop a mean-variance-skewness
framework. In order to incorporate both kurtosis and skewness, Adcock
(2002) presents an analysis based on the multivariate skew-student
distribution. It should be noted that the one factor skew-clliptical
distributions are special cases of the generating process specified by Simaan
(1993a)

With some changes in the formulation of Azzalini & Dalla Valle (1996) and
minor changes in that of Adcock & Shutes (1999), we reconsider the
previous model

X=A+by+2

such that Z ~ N(0,£) with ¥ non singular and y is a scalar random variable

which is independent of Z following a left truncated standard normal at
Zero.

When these conditions are satisfied we have X following a one-factor
skew-normal distribution and write: X ~SN(A,5,%).

Lemma 1: If the random vector of security returns follows a one-factor
skew-normal distribution, X ~SN(A,b,%), then for every risk averse
investor with CARA utility — u(w)=—exp(—aw) and initial wealth w, the
optimal portfolio must satisfy:

o1 re -l ' '

e zk A (s —a,)+ 82 b(h(kz b)— ka'b) G, <o)

a=€12+

=] -1 -1
Z A % b . ;
Ty A f , az= T k=aw and the function
e'’TTA e'’X e e'’2 b
h(ka'b) is the hazard function of a standard normal.

where aj =

Proof of the Lemma 1: see appendix 1

Notice that the mean-variance-skewness efficient set, when assets follow
X ~ SN(A,b,%), is generated by the three funds 4y, a, and a5.

Theorem 3: Let X € R"such that X ~SN(A,b,X) where the matrix I is
non-singular, then the necessary and sufficient conditions for a" <,

(for non negative (positive) diversification), Yue U are:
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) A=ke forsome k;eR
ii) b=kye for some ky € R
iii) £ le>(>)0

Proof of theorem 3:
If the claim were to hold for all risk averse investors it must hold for CARA

investors. According to the previous lemma, for CARA utility, the optimal
portfolio must satisfy:

e | ro—1 Yy r
- L2z A(al g e's b(h(k;b) kab)(a3 =
£1A v le > 1p
where a; = a, = az =

eI’ - ez le’ P e's7p

1/If A=kje then a; =a, and similarly if b=k,ethen a; =a,, this implies
a=a,.

Since =7 le> (>)0 by assumption and e'=le>0 then a> (>)0

2/ Suppose that @ >0 Vkthen 0<a; <1Vj since a'e=1

hence a'h must be bounded V& thus as ¥ — 0 we have h(ka'b)—> h(O): Jz
T

Consider the arbitrage portfolio 7=e'S7'A(a; —a, )+ e’ bh(eXaz - ay )

We show thatn =0, for supposen =0, then there must exist je N such
thatn; <0

Since for arbitrarily small £ ,7; <0 implies a j <0 we must have 77=0.

But 7 must be 0 for different values of ¢, this can be satisfied only if
a = a2 =dj

We conclude that A=ke and b=k,e hence a=a,which must be

nonnegative by assumption hence = 'e>0.  End of proof

Remark: In the previous theorem and lemma, the distributional assumption
about the scalar random variable y is not essential. As long as the specified
distribution is skewed the results still hold. For example, we might adopt, as
m Simaan (1993b) the Pearson type III class of distributions without altering
the results.

Following the recent development of Sahu et al. (2003), we consider
an alternative model which is not implied by the generating process
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specified by Simaan (1993a). Instead of skewness being generated by a
single factor for the whole economy upon which different securitics have
different loadings, as in Simaan, here skewness is generated by independent
different factors for different securities. Consider the model:

X=A+BY+7

such that Z~N(0,2) with T non singular, B is a diagonal matrix with

i component b;and Y is a vector of n independent random variables

which are independent of Z and each following a left truncated standard
normal at zero.

When these conditions are satisfied we say that X follows a multi-factor
skew-normal distribution and write: X ~ SN(A, B,%).

Lemma 2: If the random vector of security returns follows a multi-factor
skew-normal distribution, X ~SN(A,B,X), then for every risk averse
investor with CARA utility — u(w)=—exp(~aw) and initial wealth wy, the
optimal portfolio must satisfy:

e’(Z z iz)_lA (al —a2)+ e’(z - iz )dl 4 (a

perls, _kenle bl
e'(2+82) e :"(}..'IH'}) y

The vector V has the i" component given by V; = bihka,b,) and h(kab;) is

) —a)

a=a2+

where aj =

—1 =
e’(2+82) A
k=aw

the hazard function of a standard normal.

Proof of the Lemma 2: see appendix |

Unlike the previous model, we do not have a three-fund separation here
since a; is dependent on investors preferences.

Theorem 4: Let X € R"such that X ~SN(A, B,%) where the matrix 2 is
non-singular, then a" <, et Nuell ifand only if:

) A=Kke forsome kR

ii) B=kyI for some ky € R
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~1
iii) (Z+k§]) e =kse for some k3 e R,

. ; ; : 1
In this case, YueU, the optimal solution is a=—e
n

Proof of theorem 4:

For CARA utility, the optimal portfolio must satisfy:

e'(Z +B9~’)'IA e’(z 2 2]y
a=ay + (al—a2)+ p (a3—a2) with & =aw

k
i -1 -1 ~1
£+52) A £+p2)e £+ 52] '
where a; = =, @y = —— ay= — and the
e'(z+32) A e'(2+32) e e’(z-rBzTV

vector ¥ has the i” component given by V;=bh(ka;h;) with h(ka;b;)
denoting the hazard function of a standard normal.
1
1/ If A=ke and (Z+k§[) e=kse then a;=a, :ie, but since b; =k,
b

then V; = kyhikkya;)

. 1
and a must satisfy a=—e+

n

k3€fV [
n

I ; - :
as ——e] with a solution given by

|
a=—e Vk.

¥
2/ The argument here is essentially the same as the one used in the proof of
the previous theorem. It suffices to note that as & gets arbitrarily small

V; =b;hlka;b;) gets arbitrarily close to b,-\/z which implies that b; =k, Vi
T

for some &, End of proof

Notice that for all risk-averse investors to hold non negative

(positive) amounts of each asset, the distributions, considered above, have to
exhibit a one-fund separation.
Ross (1978) characterized the one-fund separating (1fs) distributions of
asset returns. According to Ross (see p.263) , a necessary condition for 1fs
is that all assets have the same mean, furthermore, if assets have finite
variances then the separating fund is simply the minimum variance
portfolio.
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We conjecture that for all risk-averse investors to hold non ncgative
(positive) amounts of each asset with finite variances, the necessary and

sufficient conditions are that the distribution, with the non-singular

covariance matrix ¥, exhibits a one-fund separation and X e = ()0 . But at

this stage, we might state the weaker following result.

Theorem 5: Let X € R" following a Ifs distribution with all assets having
finite variances and the covariance matrix L being non-singular, if
> le>(>)0 then a* <, ¢ YueU. Thus every risk averse investor holds
non negative (positive) amounts of each asset.

A general useful notion of negative interdependence  between
random variables, called negative association, and the related concept of M-
matrices can be found in Karlin & Rinott, (1982), Marshall and Olkin
(1979) and references therein.

Definition: Let N ={1,2,....,n} and  define Ay, Ay ¢ N such
that 44 N 4, =D, the set of random variables {X,,ie N} iy said to be
negatively associated if and only if cov(f(X;.ie A ) g(X,.ic 4,))<0 forall
nondecreasing functions f,g and all disjoint sets Ay, Ay ¢ N

It is quite clear that negative association, as defined above, is suflicient
forcov(X;, X ;)<0 Vi=j.
Note also that the definition, given above, is closely related to Fpstein and

Tanny’s notion of “correlation increasing transformation”. (sce theorem 8 in
Epstein and Tanny (1980)).

Definition: 4 square matrix Q is called an M-matrix if Q- 51 1 where I
denotes the identity matrix, B>0 and § is positive and exceeds the absolute
value of every characteristic root of B.

Fan (1964), cited by Marshall and Olkin (1979) and Karlin & Rimott (1982),
showed that a necessary and sufficient condition for a squarc matrix
Qz{w” with Wjj <0i#j to be an M-matrix is that  is nonsingular and
Q! :(wg) withw? >0, vi,j. In the case € is an M-matrix and
X ~ N(ke,©) then according to Jogdeo and Proschan (1981), cited by Karlin
& Rinott (1982), the random variables are negatively associnted,
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From the discussion above, it becomes clear that the inverse of an M-matrix
has necessarily non negative row sums; we have, thus, the following result:

YuelU.

kS,
>71>0 hence =7 le>0. By theorem 3"@‘\%&\1“1'31( advefse' mvestor hold non
negative amounts of each asset... ) -

4
i P
We turn now to the condition of exchangeability of asset returns
distribution (see Samuelson (1967b)). While two identical assets are
exchangeable, this is not necessarily true for n>2 assets, since symmetry of
the joint distribution requires more restrictions due to the nature of the
statistical interdependence between these assets. In this sense, for total
diversification to hold for all investors, assets need to be more than identical
individually, they must be identical in their relations to each other as well;
hence the joint distribution must be symmetric. If assets are exchangeable,
then “there is no sufficient reason to distinguish” between them hence “there
can be no distinction” and the proportions invested in these assets should be
equal. This is an example of what Polya (1967), cited by Marchall & Olkin
(1979), following Leibniz, calls “the principle of nonsufficient reason”.

Definition: X € R" is said to be exchangeable if X and XI1; have the
same distribution for all permutation matricesTl; i€ {1,2,......,n!}.

Theorem 7: The theorem of total diversification.
If X eR" is exchangeable anducU, the function w(a)=E(u(a'X)) is
symmetric concave and hence Schur-concave. That is a<,, b = y{a)>y(b)

: : : . ¥ 1
hence the optimal solution to the portfolio problem is a =—e
n

Proof: Apply proposition B.2.c. page 288 of A. Marshall & I. Olkin

Notice that, when X e R"exchangeable, not only total diversification is
optimal, but more importantly the expected utility function is increasing
with greater diversification as defined above.
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Remark:

When X € R" is exchangeable then E(X)=A=ke for some ke R
1 ; . ;
and V(X):E:crz((l—p)er,()]) where pe[———?ﬂ} , I 1s the identity
. n.—

matrix andJ =ee’. In this case we say that £ has exchangecable structure.
The matrix P={1—p)[ + pJ is the equicorrelation matrix, it is non singular

(see Mardia, Kent & Bibby (1979) p. 461) only if pe I I I ,+l’ in this
H
case P =(1-p)! lf ~pll+(n- I)p)_IJJ

The case of exchangeability suggests the following questions: Does
more similarity (as measured by the above preorder rclation) between
relevant parameters (e.g. between expected asset returns or between
variances) improve diversification?

The other question is related to the role played by the corrclation between
assets. Specifically, under what conditions more negative correlation
improve the case of diversification?

The following propositions give cases in which the questions, raised above,
have an unambiguous answer.

Proposition 1: Let XwSN(A,kle,Zl) and Y ~ SN(u,k,e,%,) such that
2 20'12 P and I, =0'§P2 both have exchangeable structures with
correlation coefficients py, p, respectively then, ay <, ay for all constant

absolute  risk-averse  investors  provided  that A o and
‘A f ~ A
- % i > Where A=——
U-pi)oi (1= pr)os ea
Proof of proposition 1:
Assume CARA utility function with——~<2 w'() =a anda ¢ K, , then the

u(y)

. , G 5 1 -
optimal solutions is given bya =a, +—17n, where 7 = ¢ 'Alq, -a, ),
ow

>l £1A
e B, ] =,
ey e e' X, A
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. 1
Furthermore, if we assume that = has exchangeable structure then a, = —e
K

P A
e'P'A
On the other hand, P=(1-p)[+pJ is an equicorrelation matrix by

and a, =

assumption; its inverse is given by: pl=(-p)? l] — o+ (m=1)p) s J
Hence we have:
pIa=(-p)* AlA o(t+(n—1)p) ]
e'P_lA:(l*p) eAll—np(l+(n—1)p) 1
1 A B o .
gy = 1 - a4 np(1+(n 1)p)_1 [Le]
ePA \1-np(l+(n-1)p) 1-np(l+(n-1)p)" \n
ez A=0"2'PIA=c"2 (1- p)—l e'All —np(l+(n- 1),0)_1 J
ass Loy — 28 [:ﬁ—ie)
n aw(l-plot\ 7

Notice that the function 6=

’

e'A
aw(l - po’

is increasing in e’A and pand

decreasing o”.

. ~ s ~ 1 . o)
Now since A=<, gz onA we have [A——e)«m [,u——e) onAy. On the
H

other hand, since < we must have
((1 PI )

‘A ~ 1 x
———-—(1 _;1)(712 (A—;e) (,u-—-—ej on A

We can conclude that ay —<m ay End of proof.

Proposition 2: Let X ~ SN(ke,b,%,) and Y ~SN(k,e,d,%,) such that
2 =otP and I, =3P, both have exchangeable structures with
correlation coefficients py,p, respectively then, ay <, ay for all constant

absolute  risk-averse  investors — provided that b=<,d  and
1 1

@=p)o?) " U= pa)o

Proof of proposition 2:
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Assume CARA utility function with_—w—‘f-(dy;—o) —k and X ~ SN(ke,b,Z),
u'lw,

; : . 1
by Lemma 1 the optimal solution must satisfy a =a, +—n, where

aw
> e >'b
=e'S 'bla, —a,), a, = and a, = :
n ( 3 2) 2 erz—le 3 erz—lb
1 P'b
When T has exchangeable structure then a, =—e, d; = = and we
n e

have: a= LI e'b{hlka’b) - ka'h) [5 —leJ . el )<l (b = 56)
n k(- po? n) on o ki-plo?
Premultiplying by 5", a'b must  satisfy the  condition:
B B b)‘k‘;b(b'b—nz?).
k(- plo

We write this condition in the form: g(z)=h(z)—z=

(1-p)o(z—kb)

Z
nS;

where S, is the variance of the vector 5.

According to Marshall & Olkin (see page 493), the hazard function h(z) of
the normal is increasing which implies that g(z)> 0 since n'(z) = h(z)g(z)

Furthermore, notice that g(0)= \/z , limg(z)=0 as z-—>+wo and
T
lim g(z)=+0 as z —> —.
Consider X and Y with the two conditions:
— 2 J— 7
ele)= He)-z = Lo blE=R)
nsS,

1—p,)ozlz—kd
sfa)=iff)-p=ladile—H) o

nS,
Now, according to Marshall & Olkin (see page 71), the function 8¢ = f(b)

is schur-convex. Hence b=, d implies S;<S;. Also from

2 = ' _ 9 B .
(1-p)oi 2= p,)o; we have (1"‘");12(2 B)_ Pz)azz(z k),
b ns 4
for z>kb =kd
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We have established that the solutions to (1) and (2) must satisfy z, <z,.

On the other hand, ay = X e+ Jﬂ; (b -b e) and
" k(] ~ P )0"1

GY:le-l- glz2) - (d-—c:fe)
n k(- py)o

Since b <,, d we can conclude that ay <, ay End of proof.

Proposition 3: Let X and Y two multivariate Ifs separating distribution
with the finite covariance matrices T =D(c;)PD(o;), Q=D(o;)P,D(c;)
where P,P, have equicorrelation structure with correlation coefficients
pi, Py respectively. if py < p, then all risk-averse investors diversify more

under X .

Proof of proposition 3:

. . . =
The optimal solutions ay and ay must satisfy: a, = ,2_‘1?
ez e
Qe
and a, = ! where = = D(o, )P D(o,) and Q = D(c,)P,D(o,)
e'Q e

, : uy d(crfl), we then have:
e'd\o,

!

Let d(o;' )= Dlo;" e andd(c}')=

__z'e Dl )P d(o})
X = > e - dr(o_’fI)P—ld(o_fl)

I

The matrix P=(1-p)l + o/ is an equicorrelation matrix by assumption; its

inverse is given by: P71 =(1- p)! l] - p(+(n-1)p) s J
Hence D(c,r,-_1 )P—]d(cr,-_l )= (L-p)" [d(ffi_z )— pl+(n- 1);0)_13'0’(0;'—1 }5?'(01‘_1 )J

We conclude that ay = 6(p, J;)c?(crf‘z)+ (1-6(p,0; ))c?(crfl) (1)
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o e'd(agz) .
Where ﬁ(p,crl.) . (JI.—Z )_ IR (e'd (O-z_—l ))Z ., notice that the

function B(p, o; ) 1S

increasing in p thatis p; < py =8{(p;.0;)<8(py,0;) (2).
On the other hand, according to A. Marshall & 1. Olkin (See proposition
B2b. page 130) if d;>0,i=12,....,n and O<r<s then

(a5, ds......d3)

From (1), (2) and (3) we conclude that ay <,, ay. End of proof.

Remark:

From the previous propositions a direction towards more negative
correlation, as expected, imply more diversification even when the
distribution is not elliptical and hence not normal.

From proposition 3, notice that the optimal solution for all risk averse

investor is a combination of the two funds d (cr; 1) and d (cr; 2). Recall that
é(afl)<m c?(ofz)
Since 8(0,0;)=1 and 8(p,0;)—>0 as p— _—11 , we see that when assets are
7

uncorrelated then the optimal solution is d (Jf 2) . On the other hand, when
p is negative the optimal strategy is to hold both d (af‘l) and 5(0;2) long
and short sales are not optimal. In the limit, as p gets sufficiently small the
fund d (5{ I) is the optimal portfolio. Furthermore, as p gets large the fund

d (cr;" 1) is held short, when it gets sufficiently larger, short sales become
optimal.

Proposition 4: Let X and Y two multivariate 1Ifs separating distribution

with the finite covariance matrices *=D(o;)PD(c;), Q=D(5;)PD(5;) and
P has equicorrelation structure and assume, without loss of generality, that

1
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and p<0 then ay <,, ay and all risk-averse investors diversify more under
X.

Proof of proposition 4:

From the proof of proposition 2 the optimal solutionsay and ay must
satisfy:

ay =0(p,0 )l J+ (1-0(p, 0 )dlo7)

ar=9(P=5f)dA(5z‘_2)+ (1-—900:51'))6}(55_1) (1)

e'd 0'!-_2

calor?)- pli+ -)p) alor! |
Recall that we have ﬁ(cr,-_l)<m (3’(65_2) and similarly 3(53'_1)<m 3(51‘—2)

(2)
According to Marshall & Olkin (see proposition B.1.b p.129) let

. b . .
d; >0, i=12,.....,n and b; >0, i=12,.....,n if —~ is decreasing in i then

Whered(p,o; )=

Sa < m 5%, and
(dlz,df, ..... ,d,ﬁ)_< (blz,bzz, ..... ,b,f)
A 3 '
If %i is decreasing in i=12,..,n then d(cril)—<m d(é'[‘) and
i
c?(ofz)—<m 3(5{2) where d(a,-'I):D(afl)eandc'i‘(df])= : Igl d(ofl).
o

(3)
Also, from Marshall & Olkin (see proposition B.3 P.130), the function

o
e'dl\o; .
I 27 1s schur-concave (4)
e'dlo;

From (2) and (3) and (4) we conclude that ay <, ay . End of proof

Remark: -

Notice that, in the previous propositions, ¥ is not a mutual fund
transformation ofX . Hence the mutual funds transformation is not
necessary for more diversification.
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Conclusion:

An important motivation for the theory of portfolio choice is the
phenomenon of diversification. The theory has developed from a need to
rationalize diversification as an optimal investment strategy and from a need
to derive the financial consequences of this strategy. As explained by
Scheffman , the interest in knowing whether investors would tend to
diversify (hold all assets long), to concentrate (hold only one asset) or take
short positions has important implications for the “size” and “depth” of the
capital markets and the effects of various changes on these markets.

In this article, we use the notion of majorization between two vectors
to propose a general definition of « more diversified » in portfolio problems.
It is argued that this definition is, on one hand, very intuitive. Portfolio a is
more diversified than portfolio » means that the sum of the %k largest
proportions of portfolio a is not larger than that of portfolio » for allk . On
the other hand, it is appealing because it is independent of investors’
preferences as well as of returns distributions. Furthermore, it is potentially
useful in providing a unified conceptual framework to the theory of
diversification in portfolio selection problems.

To relate this definition to the optimal investment strategy and to
characterize the relation between asset returns distributions that make all
risk adverse investors diversify more under one distribution than under the
other, we use both the general expected utility model for arbitrary
distributions as well as standard parametric distributions to address the
question of what it is that is diversified and what the desirable degree of
diversification is, emphasizing the role of different parameters (mean,
variance, skewness,...) in determining the degree of diversification. Some
specific results are obtained. Perhaps, the most important result is that of the
mutual fund transformation. It is shown that if the random vector of returns
Yis a mutual fund transformation of X then every risk averse investor
diversify more underX. This transformation insures that the difference
between X and Y that causes every risk averse investor to diversify more
under X is not a result of a change in the overall return-risk choices but
rather a result of & redistribution of these choices. Furthermore, for elliptical
and skew-normal distributions, necessary and sufficient conditions are given
to insure that short sales are not the optimal investment strategy for all risk-
averse investors. We also show, under certain distributional assumptions,
that majorization between vectors of relevant parameters of two asset
returns distributions is sufficient for more diversification by risk averse
investors, in this case the difference between X and Y that causes every
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risk averse investor to diversify more under X may be a result of a change
in the overall return-risk choices. As to the role played by the correlation
between assets, a direction towards more negative correlation, under some
conditions, imply more diversification even when the distribution is not
elliptical and hence not normal.

APPENDIX: The portfolio selection preblem when asset returns follows
skew-normal distribution

I. One-factor skew-normal distributions

Consider the model:
' X=A+by+Z

such that Z~N(0,2) with £ non singular and y is a scalar random variable

which is independent of Z following a left truncated standard normal at
ZErOo.

When these conditions are satisfied we say that X follows a skew-normal
distribution and write: X ~SN(A,5,%).

When y follows a left truncated standard normal at zero, then its density is
given by:

2
f)=,= eXp[~ %} where y>0
The moment generating function of y is given by:
My 0= Elew) - zexp[ }s(f)

where ¢(¢) is the cumulative distribution of a standard normal.

To derive the moment generating function of X we write:

M x (t)= E(exp('X))= E(exp(t'A + t'by +1'Z))= E,Ex,y (exp(t'A +t'by +1'Z))
but X/y~ N(A+by,X) hence

() =exp{ 18+ 2 g, fenpl((89) = 2exp{ 1+ }exp[(f oy ]¢ g
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My(t)=2 exp[r’A + r—’(z—;ﬂ]gb(r’b)

To solve the portfolio choice problem for a risk averse investor with
CARA utility  u(w)=~exp(-cw) and initial wealth w, and assuming that

X ~SN(A,b,%)

max E(u(wya'X )= min Eexp(— awya'X) such that ae =1
Set k=aw and observe that In(.) is a monotone increasing transformation,
the two problems min Eexp(~awya'X) and  min In(E exp(— awya'X)) are

equivalent
Define the lagrange function

k2a' (S +bb')a
2

L=n(2)-ka'A+ +In(g(- ka'b))+ 6(1 - a'e)
From the first order conditions of optimality we have

O kA+ k(S + ') -k 2EHED) "“b)b e=0 and a'e=1

2 #(~ ka'd)

Notice that the function A(ka's)= qu Zz)) lqog}ib%) is the hazard
- a

function of a standard normal.
premultiplying by 7!, we get

k*a=k'A-kE*a'bZ 7' + kh(ka'b)s b+ 0 57!
premultiplying again by ¢’, we get

o —HEALE? i+ e'’s " bb'a)- kh(ka'b)e's b
et le
rearranging and collecting terms we have

's-1A = b(h(ka'b) - ka'b
= (al-az)+e ( (k ) )(a3—az)

a=ay +

¥in > le 5~ 1p
where a; = T B S—— 3 :
e’ A g h e'’>'h




II. Multi-factor skew-normal distributions

Consider the model:
X=A+BY+Z

such that Z~ N(0,2) with £ non singular, B is a diagonal matrix and Y is

a vector of n independent random variables which are independent of Z and
each following a left truncated standard normal at zero.
When these conditions are satisfied we say that X follows a multi-factor

skew-normal distribution and write: X ~ SN (A, B, Z).

From the moment generating function of a univariate left truncated standard
normal at zero, given above, and by independence, the moment generating
function of Y is given by:

My (0)= E(exp(c'Y))=2" p[7]¢ 0)

where ¢, (¢) is the multivariate cumulative standard normal.

To derive the moment generating function of X we write:
M, (t)= E(exp(r'X)) = E(exp(t’A+'BY +1'Z))= Ey E,y (exp(t’A +1'BY +1'Z))

but X/Y ~ N(A+ BY,X) hence

M,(t)=E, [exp[r’A +1'BY + I—’—?D

M, (t)= exp(r'A + %]EY (eXp((f'BY))) =2" exp(t’A + t_'ZZ_r_] exP(%}ﬁn (B1)

M,(t)=2" exp{t'A + f(Z;szk}én (Bt)

To solve the portfolio choice problem for a risk averse investor with
CARA utility and initial wealth w, and assuming that X ~ SN (A, B, E),
we set k = awgand write:

min In(E exp(~ ka'X)) such that a’e=1
Define the Lagrange function

K22z + B o

L=nIn(2)- ka'A + +In(g,, (- kBa))+ 6(1 - a'e)

- A T A it Y i Tk S i
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From the first order conditions of optimality we have

?—L:—kA+k2(E+Bz)a—kV—9e:0 and a'e=1

oa

where the vector ¥ has the i” component given by V; =b;hlka;b;) , b;is the
h

i" component of B and A(ka;;) is the hazard function of a standard normal.
x
premultiplying by —}2— (Z + BZ) , we get
k
L. 5%l q 51 5%
=—Z+B A+—\Z+ B V+0\Z+ B
a=rlee B a2 v rofe B2 o

premultiplying again by e, we determine 8 and write:

S e'(Z-IrBZ]_IA(al

. =l
E e(z+f2) V(a3_a2)

—a2)+

where a; = (E+82)_1A , ay= (E+Bz]_le il wx = (Z+BZT1V
e\=+B?] A ele+B%| e oy g2y
e+ 52" ep2) Ay
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