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Abstract:
In this paper, we study the existence and uniqueness of a weak solution for a fractional

differential problem involving the Hadamard fractional derivative, defined on a bounded
interval. The initial conditions are assumed to be homogeneous, and the right-hand side is
continuous. The analysis is carried out within an appropriate functional framework, and the
main results are established by applying the Minty—Browder theorem, which serves as an
effective tool for proving the solvability of equations of this type.

Key words: Fractional Differential Equations, Hadamard Fractional, Boundary Value
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Introduction:

The variational method is one of the powerful and significant tools in nonlinear analysis,
and it plays a crucial role in the theory of critical points. The variational principle has important
applications in several fields for instance, in generalized differential calculus and it serves as an
effective approach in applied analysis, approximation theory, and physics in general. Numerous
studies and papers have been published concerning the existence of solutions for differential
equations with various types of fractional derivatives, mainly using the fixed-point method.
However, research works or scientific papers that employ the variational approach through the
critical point theory remain relatively limited compared to the former method [12].
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In [4], the authors discuss existence and uniqueness of a weak solution of a fractional problem
on the half-line via the Minty-Browder theorem.

D (Dfu(t))+u(t) = f(t,u(t)), te(0,+o),
u(0) =u(») =0,

Where %< a <land f:[0,+0)x[] —[ isa Carathéodory function.

The aim of this paper is to study the existence and uniqueness of a solution to the
fractional Hadamard boundary value problem posed on a bounded interval as follows:

{HD;‘ (tHD:iu(t))Z/lf(t,U(t))' tela,b], (1.1)
H |i:“u(a) =u(b) =0,

Where 0<a<b<w, and %<a<1, A>0. The function f :[a,b]xD —[]is

continuous.
The operators ™ D and H D/ denote the left and right Hadamard fractional derivatives, respectively.
The analysis is carried out using the variational method and monotone operator theory.

1. Preliminaries :
Definition 1.1. Let —o<a <b <+0,1< p <+ .The space L"(a,b) is the set of

measurable functions uon (a,b)such that ||ul | <+, defined by

L’[ab

1
oo = fj|u<t)| dXJ L pein

= ess sup ()|,

Here ess sup|u(t)| represents the essential maximum of the function [u(t)|. The space
LP (a,b) is a Banach space. In addition, L*[a,b] is a Hilbert space with respect to the

b
scalar product (f,g) :I f(t).g(t)dt.

Definition 1.2. [10] Let —o<a<b<+w,1< p<+00,and cell . The space
X P (a, p)is the set of measurable functions u from (a,b) to [ such that

u

xelap < T

1

t‘u (t)‘pdtJ 1< p<+wo

It is a Banach space respect to the norm |

Xf[a,p] (J‘

- iltjg) [t° |u(t)|].
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In particular, when ¢ = 1 , the space X/ (a, p)coincides with space
p

L°(a, p): Xi’(a,b) =L"(a, p).

p

Proposition 1.1 [10] Let p>1, q>1 such that 1+1 =1, then for ue X" (a,b) and
P qQ

ve X/(a,b) we have a type of Holder inequality |u.v

xi(ab) = ”U xQ(a,b) ”V xd(a,b)

Theorem 1.1. [10] Let O0<a<b<+w, X (a,b)=L"(a,b) and the norms ||.||U,[a  and

||.||X§[a‘b] are equivalent.

Definition 1.3. [5] Let 0<a<b<w, a >0, the left and right Hadamard fractional
integrals of order o of u e L’(a,b) are respectively defined by

H|;u(t)=$£(ln£ja @ds (a<t<b), 2.2
And
ng’u(t)=ﬁ :’(m%}a @ds (a<t<b), (1.3)

Definition 1.4. [5] Let 0<a<b<om, & =t%, n =[a]+1, [a]denotes the integer part
of the real number « . The left and right Hadamard fractional derivatives of order o of
u e L”(a,b) are respectively defined by:

"Deu(t) = 5" (17U ()

n ‘ n-a-1 14
=(tij ! j(lnij UG s a<t<b, a4
dt ) T(n—a)’a s S

And

"Dru(t)=(-5)" ("1 u(t))

n b n-a-1 15
:(—tij ! j (Infj @ds a<t<hb, 9
dt) I'(h—a) t S

proprty 1.1. If ¢, >0 and O<a<b<+oothen
p-1 pra-1
H|”‘+(|n£j (t):M(]nl) ,
2 a rg+a)\ a

( "D* (In ijﬂ_j t) = M(In ljﬂ_a_l.
2 a rg-a) a
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And

[“I“(Ingjﬂj(th L(p) (Ingjﬂml,
b X L(B+a)\ t

[“D‘”(InEJH](t)= r(4) (Ingjﬁ_a_l.
b X r(B-a)l t

Remark 1.1. [5] If ¢ >0and O<a<b<+o0, when 0<a <1, on the other hand, for
j =[a]+1, then

(HDZ(Inng](t)=O and {HD;’(In%Tj}(t):O.

Corollary 1.1. [5] Let >0, n=[a]+1 and O<a<b<+w

n a=j
The equality ("D u)(x) =0is valid if, and only if, u(x) = c, (In ﬁj ,
a

i1

Where ¢; €[], (j =1...,n)are arbitrary constants.

n a-j
The equality (H thiu)(x) =0is valid if, and only if, u(x)=>"d, (In Ej ,
X

=1

Where d; €[], (j =1,...,n)are arbitrary constants.

In particular, when 0 <« <1, the relation(H D;u)(x) =0 holds if, and only if
u(x) :c(lng)“‘l, (cel)
The relation ( H th‘,u)(x) =0 holds if, and only if
u(x)= d(Ing)“‘l, (dell)
Proposition 1.2. [10] For all u e L"(a,b), we have "1%u, "1“uc L’ (a,b),

Moreover, if %< a <1 we have

(b—a)”

H " ; L"(ab) ~ gP ple P 1’*(a+1) ”u”Lp(a,b) ! (16)
And

« (b-a)*
HH b llLP(ab) — gP b(a’*l)P 1’*(a+1) ”u”Lp(a,b) ' (17)
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Definition 1.5. [5], [10] Let f,geL"(a,b), and A,Bell

AC(a,b)={f:(ab)—>0, f(X)=C+I:W(X)dX,XE(a,b),
cell, l//eLl(a,b)},
AC;(a,b)={f: (ab)>U,: 6y e AC(a,b)}.

HAC;’p(a,b) :{u /u(x) =%‘;{)(In§ja +(H|; f )(X)},

HAC;‘;P(a,b) :{u fu(x) :%(Ingja_l+(H|;g)(x)}

proprty 1.2. [5] Let >0, #>0 and O<a<b<+o. If uel’(a,b),then

("B 1)) = ("1 )00,
and
(”Db'i” Lu) () = (" Ib“f/’u)(x).

In particular, if o = f

("Dg M) () = u(x),
and
("D M) (0 = u(x).

Proposition 1.3 . [10] Let p>1, g <+ such that %+é 1+ . Then, for all

uel’(a,b), veli(a,b), we have:
Iu(t)(HI;"v)(t)%:jv(t)(”lgu)(t)% (1.8)

Theorem 1.2 . [5] Let >0, n-1<a<n(nel)and O<a<b<+xo.
uel’(a,b)and "I “ue "AC;(a,b), then

(*12"D%u)(x) =u(x)—zn:(5 “ 'a+a”))(a)(

X a-k
2 T e k) In—] . (L9

a

In particular, if a=nel]
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("12."DLu) () =u(x) - Z( )()( j (1.10)

If %<a<1,then

("12"D2u) () =u(x) - ((%( a} . (1.11)

Lemma 1.1. [10] Let p>1, q <+co. be such that 1 < a, then for all
p

ue "ACZ*(a,b) and ve L*(a,b), we have

b b

. dx . dx _a
Iu(x)( . Db,v(x))— :j( . Da+u(x))v(x)— +( "I u(a))v(a)
A X 3 X (1.12)
—("1v(b))u(b).

Definition 1.6 . [9], [3] Let X be a Banach space. An operator A: X — X~ which
satisfies

(Au—Av,u-v)>0 (1.13)

For any u,v e X is called a monotone operator. An operator A is called strictly
monotone if for u = v strict inequality holds in (1.13) . An operator A is called
strongly monotone if there exists ¢ > 0such that

(Au—Av,u-v)>cfu —v||2
for any u,ve X. Itis clear that a strongly monotone is strictly monotone.

Definition 1.7. [9], [3] Let A: X — X~ be an operator on the real Banach
space X .

a) Ais said to be demicontinuous if
u, —>u as n—+oo implies Au, — Au as n — +oo.
b) Ais said to be hemicontinous if the real function

— ( A(u+tv),w) is continuous on [0,1]for all u,v,we X .

¢) Aissaid to be coercive if

13
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(Auu) _

L

Remark 1.2. [4] , [3] It is easy to see that for monotone operator A: X — X~ with
Dom(A) = X, demicontinuity and hemicontinuity are equivalent.

Theorem 1.3. [6], [3] (Minty-Browder) Let be a reflexive real Banach space.

Let A: X — X~ be an operator which is bounded, hemicontinous, coercive and monotone on
the space X . Then, the equation Au = f has at least one solution u e X for each f € X" If
A is strictly monotone then the solution is unique.

2. Variational structure:

Now we introduce a new space "E* which is suitable for the study of our fractional
BVP.

Definition 2.1. Let % < a <1. The fractional derivative space "E* is defined by

"E“ ={uel’(ab); "Diuel’(a,b); "I u(@)=u(b)=0}. (2.1)

with the norm

1

Lf (2.2)

u

e =lul, = (ol + "Dz

Proposition 2.1. For all ue "E*, we have
"12"DZu=u and "DZ"IZu=u.
Proof. The proof is easy by using (1.11) and (2.1)

Proposition 2.2. For all ue "E*, we have

(b—a)* HH Dy

||u||L2 = aZb(afl)Zl—w(a_’_l) a*

2’
Proposition 2.3. There exist 7,,7, €[], such that

7/1HHD:+U

12 S”U”a S}/ZHHD;U

2’

Proof. 1It’s clear that H H D:*u

oS, ==t

14
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2
then

And we have |ul” =|Jul’. +|"Dzu oo

a

L2

dcel :|ul, <{ (b-a) )+1]H”D‘iu

azb(a_l)zl“(a +1 a

=y, = (b—a)“ +1
"7 @ (ar1) )

Remark 2.1. We can endowed "E“ with respect to the equivalent norm
HpRo
| "Dl =lull, -

Lemma 2.1. The space "E“ is endowed with the structure of a Hilbert space
together with the inner product

(2 )uge : "E“ X MEC T

(u,v) > (U, V). ::bf "DZu(t)" D2 v(t)dt.

Proposition 2.4. [10] If u,ve "E®, then

ju(x)(“ng)(x)d—::j(“D;u)(x)v(x)d—;. (2.3)

Lemma 2.2. Let % <a<land 1< p<o. The fractional derivative space "E” is a
reflexive and separable Banach space.
Lemma 2.3. For all ue "E“ , we have that ("E“[a,b],|u],) embeds continuously in

(ClabLl,)-

Proof. For all ue "E* we have

a-1 HDoiu S
L t(mij a—()ds

"2 "Dru(t)| =
a2 I'a)’2 s S

1

T(a)s

<

t ta—l 1
In=| —="D*u(s)ds
I( sj N ©)

Using Cauchy-Schwarz inequality

15
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Hia HRe 1 p ta_llzina 2 %
1 Da+u(t)‘<r(a)\/a[_£ (Ingj 5 ds] UJ D% u(s)| ds]

NN =il j Il

ot
b 2
(In a)
|| .

Ve

Lemma 2.4. For all ue "E“ , we have that ("E“[a,b],|u],) compactly embedded in

(ClabL 4, )-

Proof. From the preceding lemma, we obtain v, — Vv in (C[a,b],D )for given v, >V
n"E“.

Hence

For v, >v in "E“ and f &(C[a,b],] ) f(v,) > f(v), which shows that
fe(HE“)*.Thus (Cla,b].C )*g(HE“)*. Hence v, v in (C[a,b],0) if
v,00 vin "E“. {v,}is bounded in (C[a,b],0 ). This is because, using Banach-

Steinhaus theorem, {v,} is bounded in "E“.

Now to show that {vn} is uniformly equi-continuous, we have the following result.

Let O<a<t, <t, <b<oo, using Holder inequality for all u e(L2 [a,b],0 ) , We have

M1Eu(t) - 19, = Ltj(lnt—l]u(x)%—tz(mt—Zju(x)%
() X X s\ X X
1%t dx Rt )" (%, )7 dx
:@ﬂlnxj u(x)——a(ln;j u(x)—+ﬂj(ln;j u(x)Y

1 t a-1 1 t, ] a-1 d
Sr(a)ﬂ('”%j (%) ]'“‘”'—*ﬁ %) oo

Using Cauchy-Schwartz inequality
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M1ut) - "1sut,)| <
[} @naf*_(mgj”lziw<z+_wmz i @W&YAszxz
GNIHA x) ) x ) renali\Ux) ) x
||

sl ) e Mv[tfﬁ.nef“% of

RS SR " ST
F(a)w/a(Za 1) ['(a)aa-1)

SN T P P
I'(a)Jaa-1) ?
where d >0

Now we can prove that {un} is uniformly equi-continuous. so, we have

HmRa
a+

! '
2 d“ 2 (t2 _tl)a—E

- <2
|u(t1) U(t2)|< F(a)\/m

1
=2 Jul. d™2(t,-t,)z.

F(a)«/ 2a-1)

1
Then |u(t,) —u(t,)|<c(t,—t) 2. where d >0, so {u,} is relatively compact in
(C [a, b],D ) as a consequence of Ascoli-Arzela theorem. Also every uniformly

convergent sub sequence of {u,} converges uniformly to u on [a,b]. This completes
the proof.

3. Main results:

Definition 3.1. A weak solution of the fractional boundary value problem (1.1) is
given by a solution of the following variational formula

b b
jHD;u(t)“D;v(t)dt—/ljf(t,u(t))v(t)%zo, forall ve"E“.

17
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Theorem 3.1. Let's suppose that f satisfies hypotheses (H,) and (H,). Then,
problem (1.1) has a weak solution. With:

(H,) There exist two functions y, 8  L*[a,b] such that

|t X)| < 7(t)|x|+ B(t), vt €[a,b], Vx L]
With 1 < aF(a)va(lZa—l) .

b\"2
(2] "l

(Hz) f:[0"x0 —0 isdecreasing with respect to the second variable, that is,

f(t,x) < f(t x,) foralmost every t e[a,b] and x,,x, €], X, > X,.

Proof. We define the operator A: "E* —("E*)" by A=1-F , where the operator

| and F are defined from "E“ into (HE“)*as
b
(1 (u),v):j“D;u(t)”D;v(t)dt

And

b

(F).v)=2[ T (Lu@)vo T

a

We search for a weak solution of problem (1.1) which is a function u e "E* which
satisfies the operator equation Au =0.

We will use the Minty-Browder theorem and divide our proof into four steps.

Step 1. A is bounded.

Let ue "E” , be such that |u]| <R, (R>0). Using the Cauchy-Schwartz inequality,
we obtain

18
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I Wljeeey = sup K1 .Y)]

—sup.[ D“u(t) Dl v(t)dt
IV, <t
< sup HD"‘ HD%v
M, <1 el
<[ul, <R

And

||F(u)||(H —sup\ (F(u), v)\—sup .[ (t,u(t))v(t)%‘

M.<t|

<sup? [lrOluolvadt+ ] ,B(t)||v(t)|dt}

M.t @15

< sup 2| Jul, [l ®lveopdt+ || [ﬁ’(t)||v(t)|dt}

M.t a|

oy

In b 2

<sup ||v|| ( j || | U 7 (®)| dt] (j |,6'(t)|2dtj
M, 1 a| [(a)ya(2 f

o1
ﬂ[lnbj ?
a

ar(a)/a(20 1)

IN

A
Jull WA +Z 1A,

Hence A is bounded.

Step 2. A is demicontinuous.
We prove that F is strongly continuous that is, if u [0 n,then F(u ) — F(n). Let

(u,)be such that u, 0 n in "E”. Now (u, ) is bounded in "E* and by Lemma 2.3,
we have that (u, ) is bounded in C([a,b],0 ), and by Lemma 2.4, we have u, —nin

C([a,b].0). Then

[F )= F e, —sup\F(u) F(u,)V)|

19
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b

= sup zj( f(t,u(t) - f(t,un(t)))v(t)%

M, <t

_—sup j |;/(t)||u(t)||v(t)|dt+—sup j 7 @©)]|u, ()] v(t)|dt

a |, <13 a v, <1y

+2—sup j 1B0)||v(D)|dt

a <13

ol
}t(lnb} ?
< a

~al(a)ya(2a-1)

2
I71.: € +=-1A1.:

for some constant C >0. Since u, —u in C([a,b],[ ), we obtain

b

A[(f(tu@)-f (t,un(t)))v(t)% —0as n—ow,

a

Thus F is strongly continuous and therefore it is continuous. From the fact that | is
continuous, we deduce that the operator A is continuous. Thus A is demicontinuous.

Step 3. A is monotone.

Note (I(u)—1(v),u-v)= u(t)—HD;v(t))zdt:”u—v”i,

m'—.u

so, | is strongly monotone.

Also, since f is decreasing with respect to the second variable,

b

(F(u)-F(v),u-v)= /1[( f(tu))-f (t,v(t)))(u(t)—v(t))% <

a
Thus Ais strongly monotone.

Step 4. A is a coercive operator.
Now

—(A(u),u) = H D“u(t)\ dt — zj f(t, u(t))u(t)

IIUIL,

20
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1| Ab
> Jull _EI(|7(t)||u(t)||u(t)|+|ﬂ(t)||u(t)|)dt}
1 [ e 4 2
>_ - —_——
>l Lz =S s ol s =00, ||u||4
] | _
1 ﬂ(lnij i i
? 2
>— 1 ull” = o -2 I
| M~ s e L - S

ot
/I(Inbj ?
a

1-—
al'(a)\a(2a-1)

A
71l Il =141

so Ais coercive.
The assumptions in the statement of Theorem 3.1 are fulfilled, so problem (1.1) has a weak
solution. Moreover, A since is strictly monotone, the solution is unique.

4. Example:

4

"D [t " Dliu(t)j =%(—u(t)|u(t)|), tefle],

4

"15u(®) =u(e) =0,

(1)

Here azg, [a,b]=[1¢], ﬂ:%,and f(t,u)=—ulul

Jt)=2t, Bt)=3, A :%< al“(a)\]a(12a—1) 10,179,
b\* 2
(2] ",

So all the requirements of Theorem 3.1 are satisfied, Hence problem (4.1) has a weak
solution as a consequence of Theorem 3.1.

Conclusion:

In this paper, we have investigated a boundary value problem involving the Hadamard
fractional derivative defined on a bounded interval. By employing the Minty—Browder
theorem, we established rigorous results concerning the existence and uniqueness of weak
solutions. The main contribution of this work lies in extending the applicability of monotone
operator theory to fractional differential equations with Hadamard-type derivatives, which are

less explored compared to the Riemann—Liouville and Caputo frameworks.
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