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Abstract—This paper investigates the existence of solutions
for initial value problems involving fractional differential inclu-
sions defined by the Hilfer-Katugampola fractional derivative,
a generalization that interpolates several well-known fractional
operators including Riemann-Liouville, Caputo, Hadamard, and
Weyl types. We focus on fractional differential inclusions with
multivalued right-hand sides and initial conditions expressed via
Katugampola fractional integrals. The existence results are estab-
lished using fixed point methods: the Bohnenblust-Karlin fixed
point theorem is applied when the multivalued map is convex
valued, while a contraction multivalued map approach based
on the Covitz-Nadler fixed point theorem handles convex valued
cases. An illustrative example demonstrates the applicability of
the main theoretical findings, contributing novel insights to the
emerging field of fractional differential inclusions under Hilfer-
Katugampola operators.

Index Terms—Hilfer-Katugampola fractional derivative, frac-
tional differential inclusions, fixed point theorem, multivalued
maps, Bohnnenblust-Karlin theorem, contraction multivalued
map, Katugampola fractional integral, initial value problem.

I. INTRODUCTION

Recently, Oliveira et al. introduced a novel fractional deriva-
tive known as the Hilfer-Katugampola fractional derivative [2],
which generalizes and unifies the classical fractional deriva-
tives such as Katugampola, Caputo-Katugampola, Hilfer, and
Hilfer-Hadamard types. This fractional operator interpolates
important cases like Riemann-Liouville, Hadamard, Weyl, and
Liouville derivatives, offering a comprehensive framework for
fractional calculus [5], [6], [7], [8], [9]. Motivated by the foun-
dational work in [10], [11], [12], [13], [14], which established
existence and uniqueness for nonlinear fractional differential
equations involving the Hilfer-Katugampola derivative with
initial conditions, this paper extends the investigation to frac-
tional differential inclusions.

SDn() € F(i,n(2), 1€ J = [a,b], (D)

G m)(a)=¢, ceR, x =Xx+b(1-X), (2

where the parameters satisfy X € (0,1),b € [0,1], and & > 0.
Let FF: J xR — P(R) be a multivalued mapping, where
P(R) represents the family of all nonempty subsets of R.
The operators SD™? and SI'~* refer, respectively, to the
Hilfer—Katugampola fractional derivative of order X\ and type
b, and to the Katugampola fractional integral of order 1 — x,
with a > 0.

Our analysis focuses on the existence of solutions to an initial
value problem formulated in terms of fractional differential

inclusions driven by the Hilfer—Katugampola operator, where
the right-hand side involves a multivalued mapping. The con-
sidered model is expressed as a fractional differential inclusion
containing this derivative together with a fractional integral
initial condition. The analysis is based on the Bohnenblust—
Karlin fixed point theorem applied to convex-valued multi-
valued maps, and on the Covitz—Nadler fixed point theorem
in the framework of multivalued contractions when convex-
valued maps are involved.

The organization of this paper is as follows. Section 2 recalls
necessary preliminaries and definitions concerning fractional
calculus and multivalued operators. Section 3 presents the
main results on the existence of solutions, showing the appli-
cability of fixed point methods to the proposed inclusion. Sec-
tion 4 provides an illustrative example. This research extends
the study of fractional differential inclusions involving the
Hilfer—Katugampola operator and enhances the link between
generalized fractional operators and fixed point theory.

II. PRELIMINARIES

In this part, we present the notations, fundamental defini-
tions, and basic results that will be utilized throughout the
manuscript. Consider C(J,R) as the Banach space formed
by all real-valued continuous functions on the interval 7,
endowed with the norm defined by

Inllc = rggyln(@)l-

The space L'(7,R) is composed of all Lebesgue integrable
real-valued functions on 7, equipped with the norm

b
ol = [ ol ds

Finally, L>°(7,R) denotes the Banach space of essentially
bounded measurable functions mapping 7 into R, where the
norm is given by

Inllpee = inf{x > 0: |n(z)| < k for almost every » € J}.

We proceed by presenting certain fundamental results and
characteristics related to fractional calculus.

Definition 1: For X € C with Re(\) > 0, the left-sided
fractional integral introduced by Katugampola is defined for
¢(>0as

ql-> ¢ el o
gIxh(()\;(x)/o =) P ) d, B
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provided that the integral converges.

Definition 2: The left-sided fractional derivative introduced
by Katugampola, which is associated with the fractional inte-
gral given in (3), is defined for ( > 0 by
%x—n—&-l (Cl—%i "

x

SDMR(C) =

T'(n—X)

where n = | \| + 1, assuming the integral is well-defined.

Definition 3: . The Caputo-Katugampola fractional deriva-
tive (3D h)(2) is defined via the above Katugampola frac-
tional derivative as follows

(@D h) (1) = (2D [h(7) = h(@)) (),

Definition 4: For order X\ € (0,1) and type b € [0,1], the
Hilfer-Katugampola fractional derivative with respect to ¢ is
given by

0<x<l1

I > 0.
4)
for all functions h for which the right-hand side is well-
defined. Note that 0 < (1 —b)(1 —X) < 1.
Remark 5: The operator C‘?Dz\f can be represented in terms
of the Katugampola fractional derivative as

D20 ) = (LY 6 S5 k) o),

b SN ¢ Srl-x _ Sph(1-XN)pyx
‘Da+ = ‘Ia+ O ‘Ia+ = ‘Ia+ D(ﬁ,

with X = X +b — Xb.

Lemma 6 (Semigroup property): Let X,b >0, 1 < p < oo,
and 0 < a < b < oo, where &, ¢ € R with & > ¢. Then, for
every h € (P(a,b), the following semigroup relation holds:

(‘ﬂr;+ g[fﬁh) (1) = (%I;jbh) (2).

Lemma 7: Given ¢ > a, and the fractional integral and
derivative operators I’y and YD, the following identities
are satisfied:

(i) For x >0, h > 0,
(5 o= ey (o)™

(i) When A =0,
(lgjag)x
Si x> 0.

I'(x+1)’ -

(Slgl 1) (1) =

(iii) For 0 < x < 1,

RYION 3 —a® !
Dy (5 — (1) = 0.

A. Multivalued Operators

Suppose that X and Y are Banach spaces. We study several
families of subsets of N:

PR):={KCX; K#0},
PaR):={K € P(N); K is closed },

Py(R) :={ K € P(R); K is bounded },
Pow(R) :={K € P(N); K is convex },

Pep(R) :={ K € P(R) ; K is compact }.

¢
dc) / (C% _]3)”_>\_1ﬁ—1h(j) 4y, set-valued function G : X — P(Y) is termed compact
0

if the union G(R) := J.cy G(¢) forms a compact set in Y.
We say that G has convex, closed, or compact values if for
each ¢ € R, the set G(({) possesses the corresponding property.
Moreover, the operator G is said to be bounded on bounded
subsets whenever, for each bounded set B C N, its image G(B)
stays bounded in Y.

The map G is upper semicontinuous (u.s.c.) at a point (g €
N if G({p) is nonempty and closed, and whenever an open set
N contains G((p), there exists an open neighborhood Ny of
(o satisfying G(Ny) C N.

If the operator G sends every bounded subset of N into a
relatively compact subset of Y, it is referred to as completely
continuous.

Moreover, when G is completely continuous with nonempty
compact values, it is upper semicontinuous precisely when its
graph is closed; in other words, whenever sequences (,, — (i
and 7,, — 7, fulfill the condition 7,, € G((,), it follows that
7+ € G({). holds.

We denote by Ppcico(R) the family consisting of all
nonempty subsets of N that are bounded, closed, and convex.

A multivalued operator G : J — Py (R) is said to be
measurable whenever, for every fixed 7 € R, the mapping
1 — dist(n, G(1)) is measurable on J.

If X C Y, a fixed point of GG is a point n € N satisfying
1 € G(n). The collection of all such elements is denoted by
Fix(G).

For each 7 € R, the quantity ||G(n)||p is defined as

1G)|lp = sup{ [I¢]l 5 ¢ € Gn) }.

Within the particular case where the values lie in R, a
multivalued mapping A mapping G : J — P, (R) is said to
be measurable whenever, for each fixed n € R, the function

v d(n.GO) = inf -2

is measurable on 7.

Definition 8: A multivalued function F' : 7 x R — P(R)
is called an L'-Carathéodory map if it satisfies the following
conditions:

(i)  For each fixed n € R, the function ¢ — F'(z,7) is
measurable;

(i)  For almost every 2 € J, the correspondence 1 —

F(1,m) is upper semicontinuous;

For any positive real number ¢, one can find a

function ¢, € L'(J,R,) satisfying

IE ()l =sup{[f]; f € F(,n)} < ¢q(2),

for almost every + € J and all n such that |n| < q.

(iii)

A multivalued map F' is called a Carathéodory map if it
meets conditions (i) and (ii) as previously stated.



MODELS & OPTIMISATION AND MATHEMATICAL ANALYSIS VOL.12 ISSUE 01 (2025) 8

For any function n € Cy ¢(J,R), the associated set of

selections of F' is defined by

Sp,=1{g€ L' (J,R):g(x) € F(z,n(2)) for almost every 1 €

Let (X, d) be a metric space induced by the norm |- | on .
Define the Hausdorff distance Hy : P(R) x P(R) — R U{oco}
by

H,(A, B) = max {sup d(a,B),supd(A, b)} ,
acA beB

where
d(A,b) = auelg d(a,b), and d(a,B)= blgg d(a,b).

It follows that (P (X), Hy) constitutes a metric space,
whereas (P, (R), Hy) represents a generalized metric space.
Definition 9: A multivalued operator N : X — P (R) is
described as follows:
(a) The mapping is said to be v-Lipschitz whenever there
exists a real constant v > 0 satisfying, for all ¢, € N,

YH4(N(C), N(n)) < ~vd(¢,n)-

(b) The operator N is called a contraction if it satisfies the
~-Lipschitz condition with y < 1.

The lemma below will play a key role in the following
developments.

Lemma 10 (Bohnenblust—Karlin, see [3]): Let N denote
a Banach space, and take K € P, .(X). Suppose that the
mapping G : K — P, (K) is upper semicontinuous, and
that the set G(K) has a relatively compact image in X. Under
these conditions, the operator G' admits at least one fixed point
in K.

Lemma 11: . Consider a metric space (X, d) that is complete.
If N : R — P, (R) is a contraction, it follows that Fix N = (.

For additional information concerning multivalued map-
pings, one may refer to the monographs by Deimling [4].

III. MAIN RESULTS

Consider the weighted Banach space,

Cus(T,R)={u:J" = (a,b] = R: (ZJ

_a\f)l—D(
R

0 < x <1, with the norm

15 —a 1K
lulew. = [ (55%) v

R

[y

C 1€J R)

We begin by specifying the notion of a solution for the
problem (1)-(2).

Definition 12: A function n € C\ 5(J,R) is called a solu-
tion to the problem (1)-(2) whenever there exists a function
g € L'(J,R) fulfilling g(z) € F(2,7(2)) for almost all 2 € 7,
and the element 7 verifies the fractional differential equation

5 b
5Dy () = g(1), 1€ J,
together with the initial condition
ST n(e) =

To demonstrate the presence of at least one solution to the
system (1)-(2), we rely on the next essential lemma.

Lemma 13 (see [2], [1]): Let x = X + b(1 —X) with
0<X<1,0<b<1,and & > 0. For any g € Cx 5(J,R),

ﬁ function 7 fulfills the fractional integral relation

c S g3\ ! ¢ 15— ~t 9(2)

— I—1 -
pr— d
r(x)( 3 ) */a‘] ( 3 ) TN

if and only if 1 represents a solution to the corresponding
fractional initial value formulation.

IDM () = g(1), 1€,

(1) (0) =

where X = X 4+ b(1 — X).

Our focus is to demonstrate the presence of at least one
solution to the system (1)-(2), assuming that the right-hand
side takes values in convex sets. Accordingly, we consider F'
as a multivalued map with compact and convex values.

We impose the following conditions:

(H1) The mapping F' : J xR — P, (R) is a Carathéodory
multivalued map.

Assume there exists a continuous mapping p : J —
R such that, for each : € J and every € R,

p(2)
1+ [n|

c €R,

(H2)

[£(2,n)llp = sup{lg| : g € F(2,m)} < 7).

Define p* := sup,c 7 p(2).

Suppose there exists a bounded function =
L>(J,RT) satisfying, for almost all « € 7 and any
77? ﬁ 6 R’

(H3)

Hq(F(1,n), F(2,1)) < £() [n — 7],
together with

d(0, F(2,0)) < £(a).

The initial main result relies on the Bohnenblust-Karlin

u(1) € C@zge}l}point theorem.

Theorem 14: Suppose the conditions (H1) through (H3) hold
true. Then the initial value problem (1)-(2) admits at least one

1S — gS\1-x solution defined on 7.
= max ’ ( ) u CI‘

oof. We reformulate the problem (1)-(2) as a fixed point
problem. Define the multivalued operator

7 nyg(j, R) — 'P(nyg\;(j,R))

by setting:

(M) ={h € Cual B): 1) = 7 (5 )

P STGE A RV

It is evident that any fixed point 7 of the operator equation
(1)(2) = n(z) corresponds to a solution of the problem (1)-

(2)-
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For each nn € Cx 5(J,R) and every « € J, we obtain

|e| p* TS —a
ol < Fos + o (5

g\ AH1=x
() "T(~+1 3 ) =p O

Therefore, the operator + maps the ball B, = B(0, p) = {n €
Cwx.s:|Inllc < g} into the same set.

We aim to demonstrate that » meets the conditions required
by the Bohnenblust—Karlin fixed point theorem.

The argument will be developed through a sequence of steps.

Step 1: For each n € B,

To see this, suppose %y,hs € (n). Then there exist
functions g1, g2 € SF,, such that foreach: € 7, and i = 1,2.

) o\ X—1 )
c 1S oS 1371 \Yi‘]
no =g (57) L0 (5

Take any d € [0, 1]. Then, for every z € 7, it holds that

, the set 2(n) is convex.

(dhy + (1 = d)hg)(2) =

[ N AN—1
(= [dg1(9) + (1 — d)g2(y)]
( 3 > Iy W

N}

Because the set Sp,, is convex, due to the convexity of the
values of I, it follows that

dhy, + (1 — d)hg € 2(77).

Step 2: The set ¢(B,,) is uniformly bounded.

Since «(B,,) C B,,, and B, itself is bounded, it immediately
follows that 2(B,,) is uniformly bounded.

Step 3: The family ¢(B,,) is equicontinuous.

)” o)
(~)

Take 11,22 € J with 4y < 12 and fix n € B, For each

h € 1(n) and any » € J, using assumption (H2), we obtain

R

)1_Kh(12) B (zl ;a%

N)

>1—><h(21)’

x [
‘(zg—a"
&

< ‘( FGO\)) /af (22%)% 90
(Z?_ gy 1=K . N
- ) /a J§*1(21 ;] ) g(])d]’
(1;3_(143 1—Xx

N e sfl(ff”— S)*—1”\9(1)\
( 3 ) J 3 S
(ﬁ_a% 1=x

A 12 S _ S -1
N g-1(% —J ) d
< Ty L ( 3 p(2)dy

<

15 —aS\1=% o 15 — 7
3 / 3

i

3 J 3 T~
As a consequence of the continuity of the function p, we
deduce

+
“\s

< <
1 —a

) e - (5 ) T )|
e () ()
S)17K]<571<Z2 &Jg)xfl.

x [ [ [
_ (Zf —a“)l—“]gfl(lf —JJ)X—l‘d]
3 3

—aS

IN

w &

When 11 — 19, the right-hand side of the inequality above

approaches zero.

Combining Steps 1 through 3 and applying the Arzela-
Ascoli theorem, it follows that the operator 2 : Cx 5(J,R) —
P(Cx,s(J,R)) is completely continuous.

Step 4: The operator » possesses a closed graph.

Suppose sequences 7, — 7. and h,, € u(n,,) satisfy A, —
.. We must establish that A, € +(n,). Since k,, € 1(n),,), there
exist functions g,, € Sk, such that for each ¢ € 7,

¢ (18 —a%\" : S =S\ g, 0)
- I—1 - n
r(x)( 3 ) +/H ( S ) oy Y

It remains to demonstrate the existence of a function g, (z) €
SF,. such that for every 2 € J,

S _ 3\ XTL . S
o 1> —a 51 -7
ro=rig (—5) L7 (s NN

Since F(1,-) is upper semicontinuous, for any ¢ > 0, there
exists an index mng(e) > 0 such that for all n > ny,

gn(2) € F(1,10n(2)) € F(2,0.(2))+€B(0,1)

—1

hn(2) =

>x ' 9 ,

for almost every ¢+ € J.
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Because the values of F' are compact, there is a subsequence
(gn,,) satisfying
Gn,, —> G« AS M — 00,
with
9«(1) € F(1,0.(2))
For any % € F(1,7.(2)), we have the inequality

19n, (1) = ()| < [gn,,, (1) = Po] + [ = g. (1)},

for almost every » € J.

and so

19, (1) = 92 (1) < d(gn,, (1), F (2,14 (2)))-

Using a similar argument by switching the positions of g,
and g., we obtain

IN

Ha(F (1,00, (2))), F(2:71(2)))
£|nnm - 77*|'

|9, (1) = g:(2)]

IN

Hence,
1S — g\ 1-x
) i)
(E52) " -0
s_ g\ 1K
(1 5 v S\
< > I—1
=Ty L7 ( S )
X|gn,. (1) = g« dal|on,,, — Pl
SRR i I M
_F(>\+1) 3 M, N« C-
where ¢* = ||0]| L
Then

|| hnnz

Consequently, applying Lemma 10, we conclude that 2 admits
a fixed point 7 in B, C Cyx o(J,R), which serves as a
solution to the initial value problem (1)-(2). This concludes
the proof of the theorem.

— hillc = 0 as m — oc.

1V. EXAMPLE

To illustrate our results, consider the following fractional
initial value problem:

SDEn0) € F,n(), 1€J =12,  (6)
(Srtn) (1 =0, %)

where x = 2, b =1, 3 >0, and x =
Define the multivalued map

FG,n) ={9€R:g1(,n) < g < g2(1,m)},

where the functions g1,92 : J X R — R are measurable in 1.

We suppose that for each fixed + € 7, the function g1 (z, -) is
lower semicontinuous; that is, the set {n € R: ¢g1(2,n7) > u}
is open for every p € R. Similarly, ga(z,-) is upper semicon-
tinuous for each ¢, meaning the set {n € R: g2(2,7) < p} is
open for all i € R.

3
-

Assume there exists a continuous function p € C(J,R™)
such that
sin(e — 1)

max (|g1(2,n)|, |g2(2,m)|) < 1—#7\/2—71‘% 1€ J.

Hence, hypothesis (H2) is fulfilled by setting

sin(e — 1)
p() = ——F—=,
1++v2—1
From these properties, the mapping F' is compact- and
convex-valued as well as upper semicontinuous (see [4]). Since
all the assumptions of Theorem 14 are met, the initial value
problem (6)-(7) admits at least one solution 1 on 7.

1€ J.

CONCLUSION

The article establishes the existence of solutions for
fractional differential inclusions governed by the Hilfer-
Katugampola fractional derivative, a general operator unifying
several classical fractional derivatives. By formulating the
problem with multivalued right-hand sides and initial frac-
tional integral conditions, and applying fixed point theorems
specifically the Bohnenblust-Karlin theorem this work rigor-
ously extends the theory of fractional differential inclusions in
a novel direction. The assumptions imposed on the multivalued
map ensure the operator is well defined, convex-valued, and
upper semicontinuous, enabling the demonstration of at least
one solution.

This contribution enriches the fractional calculus literature
by linking generalized fractional operators with multivalued
analysis and set-valued fixed point methods, providing a
foundational framework for future studies in fractional
inclusions  involving  Hilfer-Katugampola  derivatives.
Moreover, the illustrative example confirms the applicability of
the theoretical results. Future work may explore uniqueness,
continuous dependence, and numerical approximation
schemes for such fractional inclusions, as well as potential
applications in modeling complex systems exhibiting memory
and hereditary properties.

Authors thank Professor M. Belarbi for valuable comments.
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