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Abstract. In this paper we generalize some fractional 

integral inequalities proved by Z. Dahmani and al. (see [2]). 

 

Index Terms. Inequalities, fractional integral. 

 

I. INTRODUCTION 

The Chebyshev fractional for two integrable functions  𝑓    
and 𝑔 which are synchronous (𝑖, 𝑒 (𝑓(𝑥) − 𝑓(𝑦))(𝑔(𝑥) −
𝑔(𝑦)) ≥ 0) for any 𝑥, 𝑦 ∈ [𝑎, 𝑏],  is defined as follows 

 

𝑇(𝑓, 𝑔) 

 =
1

𝑏 − 𝑎
∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥 

𝑏

𝑎

−
1

𝑏 − 𝑎
∫ 𝑓(𝑥)𝑑𝑥

1

𝑏 − 𝑎

𝑏

𝑎

∫ 𝑔(𝑥)𝑑𝑥.
𝑏

𝑎

 (1) 

The functional has attracted many researchers attention due 

to applications in mathematics and statistics and a number of 

inequalities associated with it. (See [3], [4] and [5]).  

We recall some definitions relating to the fractional 

integration in the sense of Riemann-Liouville. 

Definition 1 Let 𝑓 ∈ 𝐿1 ([0, ∞)). The Riemann-Liouville 

fractional integral of order 𝛼 ≥ 0 is defined by 

𝐼𝛼 𝑓(𝑥) =  
1

𝛤(𝛼)
∫

𝑓(𝑥)

(𝑡 − 𝑥)𝛼−1
𝑑𝑥, 𝛼 > 0,   𝑡 > 𝑎,

𝑡

𝑎

  

                    

                                       𝐼0𝑓(𝑡) = 𝑓(𝑡),               (2)    

             

where Γ(𝛼) = ∫ exp(−𝑡) 𝑡𝛼−1 ∞

0
𝑑𝑡. 

When 𝑓(𝑥) = 𝑥𝜇 we get the another expression that will be 

used later  

 

Iα 𝑥𝜇 =
Γ(𝜇+1)

Γ(𝜇+𝛼+1)
 𝑥𝜇+𝛼 ,       𝛼 > 0, 𝜇 > −1, 𝑥 > 0 .             (3)  

           

Remark 1 In the case where 𝑓 is defined on the space 

𝐿1([𝑎, 𝑏]), 𝑎 < 𝑏, we have the following definition. 

Definition 2 The Riemann-Liouville fractional operator of 

order 𝛼 ≥ 0 for a function𝑓 ∈ 𝐿1([𝑎, 𝑏]), is defined by  

 

 

 

𝐼𝛼𝑓(𝑥) =
1

𝛤(𝛼)
∫

𝑓(𝑥)

(𝑡 − 𝑥)1−𝛼
𝑑𝑥,

𝑡

𝑎

 𝛼 > 0, 𝑎 < 𝑡 ≤ b, 

 

                               𝐼0𝑓(𝑡) = 𝑓(𝑡).                          (4)    
 

Definition 3 Let 𝑓 ∈ 𝐿1([𝑎, 𝑏]), 𝑎 < 𝑏, 𝛼 > 0, 𝑘 > 0. The 

operator I0,k
α   is defined by 

 

  𝐼0,𝑘
𝛼 𝑓(𝑡) =

1

𝑘𝛤𝑘(𝛼)
∫ (𝑡 − 𝑥)

𝛼

𝑘
−1𝑓(𝑥)𝑑𝑥 ,              

𝑡

0

  (5) 

where  

Γk(α) = ∫ 𝑡𝛼−1exp (−
𝑡𝑘

𝑘
) 𝑑𝑡

∞

0
, k>0. 

 

II.  MAIN RESULTS 

 

Lemma 1 Let 𝑓 ∈ 𝐿1 ([0, ∞))  and 𝑡 > 0, 𝛼 > 0, 𝑘 > 0.  

Then 

 

              𝐼0,𝑘
𝛼 (𝑓)(𝑡) =

1

𝑘𝛤𝑘(𝛼)
𝐼

𝛼

𝑘 𝑓(𝑡) 𝛤 (
𝛼

𝑘
) .             (6)    

Proof.  For all  𝑓 ∈ 𝐿1 ([0, ∞))  and 𝑡 > 0, 𝛼 > 0, 𝑘 > 0, we 

have 

𝐼
𝛼

𝑘
 𝑓(𝑡) =  

1

𝛤 (
𝛼

𝑘
)

∫ (𝑡 − 𝑥)
𝛼

𝑘
−1𝑓(𝑥)𝑑𝑥,    

𝑡

0

 

and  

                    𝐼0,𝑘
𝛼 f(𝑡) =

1

𝑘𝛤𝑘(𝛼)
∫ (𝑡 − 𝑥)

𝛼

𝑘
−1𝑓(𝑥)𝑑𝑥.              

𝑡

0

  

Then  

∫ (𝑡 − 𝑥)
𝛼

𝑘
−1𝑓(𝑥)𝑑𝑥 =  

𝑡

0

𝐼
𝛼

𝑘
 𝑓(t) 𝛤 (

𝛼

𝑘
), 

finally 

I0,k
α (f)(t)𝑘𝛤𝑘(𝛼) = 𝐼

𝛼

𝑘
 𝑓(𝑡) 𝛤 (

𝛼

𝑘
). 

 

      Lemma 1 is proved. 

 

Theorem 1 Let the functions 𝑓 and 𝑔 be two synchronous 

functions on [0, ∞[, then for all 𝑡 > 0, 𝛼 > 0, 𝑘 > 0 

 

                𝐼0,𝑘
𝛼 (𝑓𝑔)(𝑡) ≥   

1

I0,k
α (1)

I0,k
α (f)(t)I0,k

α (g)(t).      (7) 
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Where I0,k
α (1) =

𝑡
𝛼
𝑘

𝛼Γ𝑘(𝛼)
. 

Proof.   The functions 𝑓 and 𝑔 are synchronous functions on 

[0, ∞[, then for all  𝜏 ≥ 0, 𝜌 ≥ 0, we get  

 

(f(τ) − f(ρ))(g(τ) − g(ρ)) ≥ 0                      (8)    

and 

 f(τ)g(τ) + f(ρ)g(ρ) ≥ f(τ)g(ρ) + f(ρ)g(τ).           (9) 

                                                                            

     

Multiplying both hand sides of (9) 𝑏𝑦 
(𝑡−𝜏)

𝛼
𝑘−1

kΓ𝑘(𝛼)
 , 𝜏 ∈ (0, 𝑡),

we get 
 

(t − τ)
α

k
−1

kΓk(α)
 f(τ)g(τ) +

(t − τ)
α

k
−1

kΓk(α)
f(ρ)g(ρ) 

 

≥
(t − τ)

α

k
−1

kΓk(α)
 f(τ)g(ρ) +

(t − τ)
α

k
−1

kΓk(α)
 f(ρ)g(τ). 

                                                                                   (10) 

Integrating (10) over (0, 𝑡), we obtain 

 

1

kΓk(α)
∫ (t − τ)

α

k
−1f(τ)g(τ)dτ     

t

0

 

 

+ 
1

kΓk(α)
∫ (t − τ)

α

k
−1f(ρ)g(ρ)dτ  

t

0

 

 

             ≥
1

kΓk(α)
∫ (t − τ)

α

k
−1f(τ)g(ρ)dτ         

t

0

 

 

            +
1

𝑘𝛤𝑘(𝛼)
∫ (𝑡 − 𝜏)

𝛼

𝑘
−1𝑓(𝜌)𝑔(𝜏)𝑑𝜏.    (11)     

𝑡

0

 

 

Consequently  

 

    I0,k
α (fg)(t) + f(ρ)g(ρ)

1

kΓk(α)
∫ (t − τ)

α

k
−1dτ 

t

0

 

 

≥  
g(ρ)

kΓk(α)
∫ (t − τ)

α

k
−1f(τ)dτ   

t

0

 

 

+
f(ρ)

kΓk(α)
 ∫ (t − τ)

α

k
−1g(τ)dτ.

t

0

               (12)  

 

So we get 

 

I0,k
α (fg)(t) + f(p)g(p)I0,k

α (1) 

 

≥ 𝑔(𝜌)𝐼0,𝑘
𝛼 (𝑓)(𝑡) + 𝑓(𝜌)𝐼0,𝑘

𝛼 (𝑔)(𝑡).    (13) 

 

Now multiplying both hand sides of (13) by 
(𝑡−𝜌)

𝛼
𝑘−1

kΓ𝑘(𝛼)
, 

 𝜌 ∈ (0, 𝑡), we obtain  

 

(t − ρ)
α

k
−1

kΓk(α)
I0,k

α (fg)(t) +
(t − ρ)

α

k
−1

kΓk(α)
f(ρ)g(ρ)I0,k

α (1) ≥   

   

    
(t − ρ)

α

k
−1

kΓk(α)
g(ρ)I0,k

α (f)(t) + 

 

                        
(𝑡 − 𝜌)

𝛼

𝑘
−1

𝑘𝛤𝑘(𝛼)
𝑓(𝜌)𝐼0,𝑘

𝛼 (𝑔)(𝑡) .           (14)         

By integrating (14) over (0, 𝑡), it follows 

 

 

𝐼0,𝑘
𝛼 (𝑓𝑔)(𝑡) ∫

(𝑡 − 𝜌)
𝛼

𝑘
−1

𝑘𝛤𝑘(𝛼)
𝑑𝜌  

𝑡

0

 

 

+
𝐼0,𝑘

𝛼 (1)

𝑘𝛤𝑘(𝛼)
∫ 𝑓(𝜌)𝑔(𝜌)

𝑡

0

(𝑡 − 𝜌)
𝛼

𝑘
−1𝑑𝜌 

 

≥
𝐼0,𝑘

𝛼 (𝑓)(𝑡)

𝑘𝛤𝑘(𝛼)
∫ (𝑡 − 𝜌)

𝛼

𝑘
−1𝑔(𝜌)𝑑𝜌

𝑡

0

 

 

                     + 
𝐼0,𝑘

𝛼 (𝑔)(𝑡)

𝑘𝛤𝑘(𝛼)
∫ (𝑡 − 𝜌)

𝛼

𝑘
−1𝑓(𝜌)𝑑𝜌.

𝑡

0
              (15) 

  

Therefore 

 

𝐼0,𝑘
𝛼 (𝑓𝑔)(𝑡) ≥

1

𝐼0,𝑘
𝛼 (1)

𝐼0,𝑘
𝛼 (𝑓)(𝑡)𝐼0,𝑘

𝛼 (𝑔)                            (16) 

     The proof is complete. 

     Similarly one can  prove  the following corollary. 

 

Corollary 1   If the functions  𝑓 and 𝑔 are asynchronous (i.e. 

(𝑓(𝜏) − 𝑓(𝜌))(𝑔(𝜏) − 𝑔(𝜌)) ≤ 0), for any 𝜏, 𝜌 ∈ [𝑎, 𝑏]), 

then 

 

     𝐼0,𝑘
𝛼 (𝑓𝑔)(𝑡) ≤  

1

𝐼0,𝑘
𝛼 (1)

𝐼0,𝑘
𝛼 (𝑓)(𝑡)𝐼0,𝑘

𝛼 (𝑔)(𝑡)             (17) 

 

Theorem 2 Let 𝑓 and 𝑔 be two synchronous functions 

on [0, ∞[. Then for all 𝑡 > 0, 𝑘 > 0, 𝛼 > 0, 𝛽 > 0, the 

following inequality 

 

t
α

k

αΓk(α)
I0,k

β (fg)(t) +
t

β

k

βΓk(β)
I0,k

α (fg)(t) 

 

≥ 𝐼0,𝑘
𝛼 (𝑓)(𝑡) 𝐼0,𝑘

𝛽 (𝑔)(𝑡) + 𝐼0,𝑘
𝛽 (𝑓)(𝑡)𝐼0,𝑘

𝛼 (𝑔)(𝑡), (18) 

holds. 
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Proof.  Applying  the proof of Theorem 1, we get 

 

(t − ρ)
β

k
−1

kΓk(β)
I0,k

α (fg)(t) + I0,k
α (1)

(t − ρ)
β

k
−1

kΓk(β)
f(ρ)g(ρ) 

 

≥
(t − ρ)

β

k
−1

kΓk(β)
g(ρ)I0,k

α (f)(t) +
(t − ρ)

β

k
−1

kΓk(β)
f(ρ)I0,k

α (g)(t).  

                                                                                        (19) 

 

Integrating (19) over (0, 𝑡), we obtain  

 

 

I0,k
α (fg)(t) ∫

(t − ρ)
β

k
−1

kΓk(β)
𝑑𝜌 

𝑡

0

 

 

+
I0,k

α (1)

kΓk(β)
∫ 𝑓(𝜌)𝑔(𝜌)(t − ρ)

β

k
−1𝑑𝜌

𝑡

0

   

 

≥
I0,k

α (f)(t)

kΓk(β)
∫ (t − ρ)

β

k
−1𝑔(𝜌)𝑑𝜌 

𝑡   

0

 

 

                          +
I0,k

α (g)(t)

kΓk(β)
∫ (t − ρ)

β

k
−1𝑓(𝜌)𝑑𝜌.              (20)   

𝑡

0

 

 

    The  proof  is complete. 

 

Corollary 2  If the functions  𝑓 and 𝑔 are asynchronous, then 

inequality (20) holds in the reversed direction. 

 

Remark 1 If 𝛼 = 𝛽  in Theorem 2, we obtain inequality (7)  

of  Theorem 1. 

 

Theorem 3 Let (𝑓𝑖)𝑖=1,…𝑛 be n positive increasing functions 

on [0, ∞[. Then for any 𝑡 > 0, 𝛼 > 0, 𝑘 > 0, we have 

  

              𝐼0,𝑘
𝛼 (𝛱𝑖=1

𝑛 𝑓𝑖)(𝑡) ≥ 𝐼0,𝑘
𝛼 (1)1−𝑛𝛱𝑖=1

𝑛 𝐼0,𝑘
𝛼 𝑓𝑖(𝑡).    (21)  

 

Proof.   We proceed via mathematical induction.  For 𝑛 = 2, 

applying (7), we obtain  

 

I0,k
α (𝑓1𝑓2)(𝑡) ≥ (I0,k

α (1))−1I0,k
α 𝑓1(𝑡)I0,k

α 𝑓2(𝑡), 

 

for all > 0, 𝛼 > 0, 𝑘 > 0. 
 

      Now, suppose  that   

 

         𝐼0,𝑘
𝛼 (𝛱𝑖=1

𝑛−1𝑓𝑖)(𝑡) ≥   (𝐼0,𝑘
𝛼 (1))2−𝑛𝛱𝑖=1

𝑛−1𝐼0,𝑘
𝛼 𝑓𝑖(𝑡)    (22)   

             ,                                                           
for all  𝑡 > 0, 𝛼 > 0, 𝑘 > 0. 

        Since (𝑓𝑖)𝑖=1,…𝑛 are positive increasing functions, then 

(𝛱𝑖=1
𝑛−1𝑓𝑖)(𝑡) is an increasing function, then  we can apply 

Theorem 1 to the functions 𝛱𝑖=1
𝑛−1𝑓𝑖 = 𝑔, 𝑓𝑛 = 𝑓. Consequently 

 

I0,k
α (𝛱𝑖=1

𝑛 𝑓𝑖)(𝑡) = I0,k
α (𝑓𝑔)(𝑡) 

 

≥ (I0,k
α (1))−1I0,k

α (𝛱𝑖=1
𝑛−1𝑓𝑖)(𝑡)I0,k

α 𝑓𝑛(𝑡). 

 

 From hypothesis (22), we deduce  

 

𝐼0,𝑘
𝛼 (𝛱𝑖=1

𝑛 𝑓𝑖)(𝑡) 

≥ (𝐼0,𝑘
𝛼 (1))−1(𝐼0,𝑘

𝛼 (1))2−𝑛 (𝐼0,𝑘
𝛼 (𝛱𝑖=1

𝑛−1𝑓𝑖)(𝑡)) 𝐼0,𝑘
𝛼 (𝑓𝑛)(𝑡).   

                                                                                      (23) 

        The proof is complete. 

Theorem 4 Let 𝑓 and 𝑔 be two functions defined on [0, ∞[, 
such that 𝑓 is increasing and 𝑔 is differentiable and there is a 

real number 𝑚 = 𝑖𝑛𝑓𝑡>0𝑔′(𝑡). Then the following inequality  

I0,k
α (fg)(t) ≥ I0,k

α (1))−1I0,k
α f(t)I0,k

α g(t)  

 

              −
𝑚𝑡

𝛼

𝑘
+ 1

𝐼0,𝑘
𝛼 𝑓(𝑡) + 𝑚𝐼0,𝑘

𝛼 (𝑡𝑓(𝑡)).       (24)    

 

      Holds for all  𝑡 > 0, 𝛼 > 0 𝑎𝑛𝑑  𝑘 > 0. 

Proof.  Let ℎ(𝑡) ≔ 𝑔(𝑡) − 𝑚𝑡. It is obviously that ℎ is 

differentiable and  increasing on[0, ∞[. Then  by applying 

Theorem 1 and inequality (3),we find   

 

I0,k
α ((𝑔 − 𝑚𝑡)𝑓(𝑡)) 

 

≥( I0,k
α (1))−1I0,k

α 𝑓(t)(I0,k
α 𝑔(𝑡) − 𝑚I0,k

α (𝑡)) 

 

≥(I0,k
α (1))−1I0,k

α 𝑓(t)I0,k
α 𝑔(t) − 𝑚(I0,k

α (1))−1I0,k
α (𝑡)I0,k

α 𝑓(t) 

 

≥ (I0,k
α (1))−1I0,k

α 𝑓(t)I0,k
α 𝑔(t) − 𝑚 (𝐼

𝛼

𝑘(1))−1𝐼
𝛼

𝑘(𝑡)I0,k
α 𝑓(t) 

 

≥ (I0,k
α (1))−1I0,k

α 𝑓(t)I0,k
α 𝑔(t) −

𝑚(𝐼
𝛼

𝑘(1))−1𝑡
𝛼

𝑘
+1

Γ (
𝛼

𝑘
+ 2)

I0,k
α 𝑓(t) 

≥ (I0,k
α (1))−1I0,k

α 𝑓(t)I0,k
α 𝑔(t) −

𝑚Γ (
𝛼

𝑘
+ 1) 𝑡

Γ (
𝛼

𝑘
+ 2)

I0,k
α 𝑓(t) 

 

≥ (I0,k
α (1))−1I0,k

α 𝑓(t)I0,k
α 𝑔(t) −

𝑚𝑡
𝛼

𝑘
+ 1

I0,k
α 𝑓(t). 

Hence 

 

I0,k
α (fg)(t) ≥ (I0,k

α (1))
−1

I0,k
α 𝑓(t)I0,k

α 𝑔(t) −
𝑚𝑡

𝛼

𝑘
+ 1

I0,k
α 𝑓(t) 

 

+𝑚I0,k
α (𝑡𝑓(t)), 𝑡 > 0, 𝛼 > 0, 𝑘 > 0. 

 

      The proof  is complete. 

 

Corollary 3 Let 𝑓 and 𝑔 be two functions defined on [0, ∞[. 
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  a)  Suppose that 𝑓 is decreasing, 𝑔 is differentiable and there 

is a real number 𝑀 ≔ 𝑠𝑢𝑝𝑡≥0𝑔′(𝑡),  then for all 𝑡 > 0, 𝛼 >
0, 𝑘 > 0, then the following inequality 

 

I0,k
α (fg)(t) ≥ (I0,k

α (1))−1I0,k
α f(t)I0,k

α g(t) −
Mt

α

k
+ 1

I0,k
α f(t) 

 

                                    +MI0,k
α (tf(t)).                               (26) 

                                                             

Holds. 

           b)  Suppose that 𝑓 and 𝑔 are differentiable and there is 

𝑚1 ≔ 𝑖𝑛𝑓𝑡≥0𝑓′(𝑡), 𝑚2 ≔ 𝑖𝑛𝑓𝑡≥0𝑔′(𝑡), then  the following 

inequality  

 

I0,k
α (fg)(t) − 𝑚1I0,k

α 𝑡𝑔(t) − 𝑚2I0,k
α 𝑡𝑓(t) + 𝑚1𝑚2I0,k

α 𝑡2 ≥ 

(I0,k
α (1))

−1

(I0,k
α 𝑓(t)I0,k

α 𝑔(t) − 𝑚1I0,k
α (𝑡)I0,k

α 𝑔(𝑡)    

− 𝑚2I0,k
α (𝑡)I0,k

α 𝑓(𝑡)

+ 𝑚1𝑚2 (I0,k
α (𝑡))

2

).                    (26)               

 

       c)  Suppose that 𝑓 and 𝑔 are differentiable and there is 

𝑀1 ≔ 𝑠𝑢𝑝𝑡≥0𝑓′(𝑡), 𝑀2 ≔ 𝑠𝑢𝑝𝑡≥0𝑔′(𝑡), then the following 

inequality 

 

I0,k
α (fg)(t) − 𝑀1I0,k

α 𝑡𝑔(t) − 𝑀2I0,k
α 𝑡𝑓(t) + 𝑀1𝑀2I0,k

α 𝑡2 ≥ 

(I0,k
α (1))

−1

(I0,k
α 𝑓(t)I0,k

α 𝑔(t) − 𝑀1I0,k
α (𝑡)I0,k

α 𝑔(𝑡)    −

𝑀2I0,k
α (𝑡)I0,k

α 𝑓(𝑡) + 𝑀1𝑀2 (I0,k
α (𝑡))

2

).                     (27) 

 

holds. 

 

Proof.   

      a) By Applying  Theorem 1 to the decreasing functions 𝑓 

and 𝐺 such that  

 

𝐺(𝑡) ≔ 𝑔(𝑡) − 𝑀𝑡, 
 

we get (25). 

 

      b)  Using Theorem 1 to the increasing functions 𝐹 and 

𝐺 where 

𝐹(𝑡) ≔ 𝑓(𝑡) − 𝑚1𝑡,   𝐺(𝑡) ≔ 𝑔(𝑡) − 𝑚2𝑡, 
 

we find that 

 

I0,k
α ((𝑔 − 𝑚2𝑡)(𝑓 − 𝑚1𝑡)) ≥ 

 

(I0,k
α (1))−1[(I0,k

α 𝑔 − 𝑚2I0,k
α 𝑡)(I0,k

α 𝑓 − 𝑚1I0,k
α 𝑡)]= 

 

(I0,k
α (1))−1 [I0,k

α 𝑓I0,k
α 𝑔 − 𝑚1I0,k

α 𝑡I0,k
α 𝑔 − 𝑚2I0,k

α 𝑡I0,k
α 𝑓

+ 𝑚1𝑚2(I0,k
α 𝑡)

2
], 

where 

I0,k
α ((𝑔 − 𝑚2𝑡)(𝑓 − 𝑚1𝑡)) = 

 

I0,k
α 𝑓𝑔(𝑡) − 𝑚1I0,k

α (𝑡𝑔(𝑡)) − 𝑚2I0,k
α (𝑡𝑓(𝑡)) + 𝑚1𝑚2I0,k

α 𝑡2. 

 

 

     To prove c), it suffice to consider two decreasing functions  

 

𝐹(𝑡) ≔ 𝑓(𝑡) − 𝑀1𝑡,   𝐺(𝑡) ≔ 𝑔(𝑡) − 𝑀2𝑡. 
Threfore 

  

I0,k
α ((𝑔 − 𝑀2𝑡)(𝑓 − 𝑀1𝑡)) ≥ 

 

(I0,k
α (1))−1[(I0,k

α 𝑔 − 𝑀2I0,k
α 𝑡)(I0,k

α 𝑓 − 𝑀1I0,k
α 𝑡)]= 

 

(I0,k
α (1))−1 [I0,k

α 𝑓I0,k
α 𝑔 − 𝑀1I0,k

α 𝑡I0,k
α 𝑔 − 𝑀2I0,k

α 𝑡I0,k
α 𝑓

+ 𝑀1𝑀2(I0,k
α 𝑡)

2
]. 

where 

I0,k
α ((𝑔 − 𝑀2𝑡)(𝑓 − 𝑀1𝑡)) = 

 

I0,k
α 𝑓𝑔(𝑡) − 𝑀1I0,k

α (𝑡𝑔(𝑡))𝑀2I0,k
α (𝑡𝑓(𝑡)) + 𝑀1𝑀2I0,k

α 𝑡2. 

 

       The proof of Corollary3 is complete. 

 

Remark.  If   k = 1  in Theorems 1, 2, 3, 4 and Corollaries, 

we obtain the results of Theorems 3.1, 3.2, 3.5, 3.6 and 

Corollary 3.7 of [2] respectively. 

III. APPLICATIONS 

We consider some applications of notion of synchronous 

functions.  

1. First we give a new proof of Theorem1 for affine functions 

𝑓(𝑡) = 𝑎1𝑡 + 𝑏1 and 𝑔(𝑡) = 𝑎2𝑡 + 𝑏2 under  condition 

𝑎1𝑎2 > 0 which are a particular case of synchronous 

functions.  

Corollary 4. Let the functions 𝑓 and 𝑔 be two affine functions  

𝑓(𝑡) = 𝑎1𝑡 + 𝑏1 and 𝑔(𝑡) = 𝑎2𝑡 + 𝑏2 on [0, ∞[,  where  

𝑎1𝑎2 > 0, 𝑡 > 0, 𝛼 > 0, 𝑘 > 0, then 

𝐼0,𝑘
𝛼 (𝑎1𝑡 + 𝑏1)(𝑎2𝑡 + 𝑏2) ≥ 

1

𝐼0,𝑘
𝛼 (1)

𝐼0,𝑘
𝛼 (𝑎1𝑡 + 𝑏1)𝐼0,𝑘

𝛼 (𝑎2𝑡 + 𝑏2) .      (28) 

Proof. 

The following inequality    

2(
𝛼

𝑘
+ 1) ≥

𝛼

𝑘
+ 2,                                            (29) 

holds for 𝛼, 𝑘 > 0.   

Inequality (29) implies 
2

𝛼

𝑘
+2

≥
1

𝛼

𝑘
+1

.                                                         (30) 

Multiplying both hand sides of  (30) by   

𝑎1𝑎2  
1

kΓk(α)
Γ (

α

k
)

Γ(2)

Γ(2+
α

𝑘
)
 𝑡2+

𝛼

𝑘, where  

𝑎1𝑎2 > 0, 𝑡 > 0, we get  
2

𝛼

𝑘
+2

 𝑎1𝑎2  
1

kΓk(α)
Γ (

α

k
)

Γ(2)

Γ(2+
α

𝑘
)
 𝑡2+

𝛼

𝑘 ≥ 
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1
𝛼

𝑘
+1

   𝑎1𝑎2  
1

kΓk(α)
Γ (

α

k
)

Γ(2)

Γ(2+
α

𝑘
)
 𝑡2+

𝛼

𝑘.   

Since 

Γ(𝑧 + 1) = 𝑧Γ(𝑧),                                               (31)           
for all 𝑧 > 0, then by (31), we get 

𝑎1𝑎2
1

kΓk(α)
Γ (

α

k
)

Γ(3)

Γ(3+
α

𝑘
)
 𝑡2+

𝛼

𝑘  ≥  

  𝑎1𝑎2
𝑡

𝛼

𝑘
+1

1

kΓk(α)
Γ (

α

k
)

Γ(2)

Γ(2+
α

𝑘
)
 𝑡1+

𝛼

𝑘  .                        (32) 

Using lemma 1 and equality (3) respectively,  we obtain  

              I0,k
α (1) =

1

kΓk(α)
Γ (

α

k
) I

α

k (1)

=
1

kΓk(α)
Γ (

α

k
)

Γ(1)

Γ(1 +
α

𝑘
)

𝑡
𝛼

𝑘 .     (33) 

Similarly, we have 

              I0,k
α (𝑡) =

1

kΓk(α)
Γ (

α

k
) I

α

k  (t)

=
1

kΓk(α)
Γ (

α

k
)

Γ(2)

Γ(2 +
α

𝑘
)

 𝑡
𝛼

𝑘
+1,   (34) 

and  

              I0,k
α (𝑡2) =

1

kΓk(α)
Γ (

α

k
) I

α

k  (𝑡2)

=
1

kΓk(α)
Γ (

α

k
)

Γ(3)

Γ(3 +
α

𝑘
)

 𝑡
𝛼

𝑘
+2.       (35) 

 

Thus 

𝐼0,𝑘
𝛼 (𝑡)

𝐼0,𝑘
𝛼 (1)

=

Γ(2)

Γ(2+
α

𝑘
)
 𝑡

𝛼

𝑘
+1,

Γ(1)

Γ(1+
α

𝑘
)

𝑡
𝛼

𝑘

=
Γ(1 +

α

𝑘
)

Γ(2 +
α

𝑘
)

𝑡 =
𝑡

1 +
α

𝑘

.    (36) 

By applying (34),(35) and (36), we find 

𝑎1𝑎2I0,k
α (𝑡2) ≥ 𝑎1𝑎2

1

I0,k
α (1)

(𝐼0,𝑘
𝛼 (𝑡))2.                 (37) 

By adding   (a1b2 + a2b1)I0,k
α (t) + b1b2I0,k

α (1)  to both hand 

sides of  (37) , we get  

𝑎1𝑎2I0,k
α (𝑡2) + (a1b2 + a2b1)I0,k

α (t) + b1b2I0,k
α (1) ≥ 

𝑎1𝑎2

1

𝐼0,𝑘
𝛼 (1)

(𝐼0,𝑘
𝛼 (𝑡))2 + (a1b2 + a2b1)I0,k

α (t)

+ b1b2I0,k
α (1) ,             (38) 

where 𝑏1, 𝑏2 ∈ ℝ. 
Consequently 

𝐼0,𝑘
𝛼 (𝑎1𝑎2𝑡2 + (𝑎1𝑏2 + 𝑎2𝑏1)𝑡 + 𝑏1𝑏2) ≥ 

1

𝐼0,𝑘
𝛼 (1)

[(𝑎1𝑎2 (𝐼0,𝑘
𝛼 (𝑡))

2

+ (𝑎1𝑏2 + 𝑎2𝑏1)𝐼0,𝑘
𝛼 (1)𝐼0,𝑘

𝛼 (t)  +

(𝑏1𝑏2𝐼0,𝑘
𝛼 (1))2].                                                          (39)    

Therefore 

𝐼0,𝑘
𝛼 (𝑎1𝑡 + 𝑏1)(𝑎2𝑡 + 𝑏2) ≥ 

1

𝐼0,𝑘
𝛼 (1)

𝐼0,𝑘
𝛼 (𝑎1𝑡 + 𝑏1)𝐼0,𝑘

𝛼 (𝑎2𝑡 + 𝑏2).        

Inequality (28) is particular case of Theorem1 with 

 𝑓(𝑡) = 𝑎1𝑡 + 𝑏1 and 𝑔(𝑡) = 𝑎2𝑡 + 𝑏2. 
 

2. Second, the notion of synchronous functions admits certain 

applications in computer science , for example in the theory of 

parallelism. 

 

Authors thank Professor M. Belarbi for valuable comments. 
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