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Abstract. In this paper we generalize some fractional
integral inequalities proved by Z. Dahmani and al. (see [2]).

Index Terms. Inequalities, fractional integral.

I. INTRODUCTION
The Chebyshev fractional for two integrable functions f
and g which are synchronous (i,e (f(x) — f(¥))(g(x) —
g(®)) = 0) forany x,y € [a, b], is defined as follows
T(f,9)
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The functional has attracted many researchers attention due
to applications in mathematics and statistics and a number of
inequalities associated with it. (See [3], [4] and [5]).

We recall some definitions relating to the fractional
integration in the sense of Riemann-Liouville.

Definition 1 Let f € L, ([0,)). The Riemann-Liouville
fractional integral of order @ = 0 is defined by

R e
116) = 75 ), e

dx,a >0, t>a,

PFe = £, )

where I'(a) = fooo exp(—t) t* 1 dt.
When f(x) = x* we get the another expression that will be
used later

r(u+1
I(x xﬂ = (ﬂ ) xﬂ+a
I(u+a+1)

, a>0u>-1,x>0. 3)
Remark 1 In the case where f is defined on the space
Li([a, b]), a < b, we have the following definition.
Definition 2 The Riemann-Liouville fractional operator of
order ¢ = 0 for a functionf € L, ([a, b)), is defined by

f)

I°f6) = I"(a)ja (t —x)t-«

dx, a>0,a<t<b,

I°f(&) = f(©. 4)
Definition 3 Let f € L,([a,b]),a < b,a > 0,k > 0. The

operator Ig;. is defined by

1 t a
B O = s | €0 fwd, ©

where
I tk
() = [ t*"exp (— ?) dt, k>0.

Il. MAINRESULTS

LemmallLetf €L, ([0,0)) andt >0, a >0,k > 0.
Then

1
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Proof. Forall f € L, ([0,%0)) andt > 0,a > 0,k > 0, we
have

0 = [ @0
r)?

and
1 t e,
O = 1 [ =0 peodx
0

Then
t a_, a a
[ -0 reax = frwr ()
0

finally

a a
KOOk = [ FOT (7).
Lemma 1 is proved.

Theorem 1 Let the functions f and g be two synchronous
functions on [0, oo[, then forall t > 0, « > 0,k >0

I1&(fO @) = @I&km(t)lgk(gxo. 7
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Where 15, (1) = _tE

aly(a)
Proof. The functions f and g are synchronous functions on
[0, o[, then forall T = 0,p = 0, we get

(f(D) — f(p)) (g(0) —g(p)) = 0 (8
and

f(0g() + f(p)glp) = f(Vgp) + f(p)g(D). ©)

(t- r)k -1

Multiplying both hand sides of (9) by @ T € (0,0),
we get
(t— DK (-
OB f(og(v) + Wf(p)g(p)
(t— 1')% (t— )g
= K@ f(Oglp) + =7~ k(@) f(p)g(o.
(10)

Integrating (10) over (0, t), we obtain

L[ 1 d
i | = D e

krk( ) f (t — O f(p)g(p)dr

> s | - O g

L[ i dr. (11
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Consequently

1t .
& () (V) + f(p)g(p) @ J (t— Dl
0

g(p) «_y
k[‘k( )f (t—‘t) f(t)dr
f(p)
ka((x) f (t—‘t)k lg(t)dr. (12)

So we get
ox(f2)(® + f(p)g(P)Ig (1)
= g(P) 5 (H@® + f(P)5i(g) (). (13)

(t—p)%_1
KT (a) ’

Now multiplying both hand sides of (13) by
p € (0,t), we obtain

%i%}-umm+(&?)«mmmkm>
(t—p)i
Wg@)l oxO® +
(t —p)

KT (@) f @5k (@(@) . (14)

By integrating (14) over (0, t), it follows

t(t—p)i

GO [

I
+ O 1090 € - ap

> %Lt(t — P g (p)dp
B0 (- )i f()dp. (15)
Therefore
zgk(fg)(t)..,a:tl)IOkcf)(t)a)k<g) (16)

The proof is complete.
Similarly one can prove the following corollary.

Corollary 1 If the functions f and g are asynchronous (i.e.

(f@ = f(P)(g() — g(p)) < 0),forany 7, p € [a,b]),
then

1
I (fO®) = 75 10O, (9) (1) a7)
I5, (1)

Theorem 2 Let f and g be two synchronous functions
on[0,c0[. Then for all t¢>0,k>0,a>08>0, the
following inequality

th
T DO + S O

= Io (/@O 1 k(g)(t) +1 k(f)(t)lo @@,  (18)
holds.
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Proof. Applying the proof of Theorem 1, we get
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Integrating (19) over (0, t), we obtain
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The proof is complete.

Corollary 2 If the functions f and g are asynchronous, then
inequality (20) holds in the reversed direction.

Remark 1 If ¢ = f in Theorem 2, we obtain inequality (7)
of Theorem 1.

Theorem 3 Let (f;);=1,.» be n positive increasing functions
on [0,oo[. Then forany t > 0, a > 0,k > 0, we have
I5 (ML f) () =I5 (DML U5 fi(E). (21)

Proof. We proceed via mathematical induction. Forn = 2,
applying (7), we obtain

Bx(fif2)(®) = (15 (D) 751 f1 (O f2 (0,
forall > 0,a > 0,k > 0.
Now, suppose that
IS () 2 (UG (D)* MG fi(t)  (22)

forall t > 0,a > O,k > 0.

Since (f;);=1,..n are positive increasing functions, then
(M= f)(t) is an increasing function, then we can apply
Theorem 1 to the functions 13! f; = g, f, = f. Consequently

I UTE O = 18Fg)®
> (15 (D) G T f) DG fn (0.
From hypothesis (22), we deduce
15 (M=, f) (8)
> (185 (1) 1 U8 (D)2 (18, U5 @) 1, (£ (©)
(23)
The proof is complete.

Theorem 4 Let f and g be two functions defined on [0, oo],

such that f is increasing and g is differentiable and there is a
real number m inf;~og' (t). Then the following inequality

15 (f2) (©) = 1§ (1))~ f(DOIG,g()

(24)
x
Holds forall t > 0,a > 0 and k > 0.

Proof. Let h(t) := g(t) — mt. Itis obviously that & is
differentiable and increasing on[0, oo[. Then by applying
Theorem 1 and inequality (3),we find

1§((g —mDf (D)
>(I8 M) O (189 () — mIG, (D)
=I5 (D) TG f D159 () — m(1§ (1)) TG (DI f ()

> (18(1) &F (DI kg(t)—-nn(1%(1>)-11%(t)1&kf(t>

m(Ik(1)™"

E a ) ,kf (t)
k

(i)

= (Igx (M) MG f OIGg () —

> (15 (D) Mgwf ®Olgxg (1) — ( ) Ioxf (®
= (Igx(M) MG f OI5g (1) — ngf(t)
Hence ‘
5 ® = (15D 15 O189(0) — o I ©)

k
+mi§ (¢f (),  t>0,a>0k>0.

The proof is complete.

Corollary 3 Let f and g be two functions defined on [0, co].
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a) Suppose that f is decreasing, g is differentiable and there
is a real number M = sup;09'(t), thenforallt > 0,a >
0, k > 0, then the following inequality

M
1802 (©) = (18 (1) I FD 15 g(0) — tl 18, £(t)

+MIS, (L(D)). (26)

Holds.

b) Suppose that f and g are differentiable and there is
my = infsof '(t), m, = inf50g' (t), then the following
inequality

15(fg) (1) — my IS tg (V) — myI§tf (V) + mym,If t? >
-1
(18:) " (16 O159® - My O19(0)
— M1 (D15 f (D)
+mym, ( O,k(t)) ) (26)
¢) Suppose that f and g are differentiable and there is
M, = supsof ' (t), My = supssog’ (t), then the following
inequality
&k(fg)(t) — MI§,tg () — MyIGtf () + My M5 t% >
( &k(n) (15 O119 0 - Mg O15 9

I (O153 (©) + My M, (Iom)) @)
holds.
Proof.

a) By Applying Theorem 1 to the decreasing functions f
and G such that

G(t) = g(t) — Mt,
we get (25).

b) Using Theorem 1 to the increasing functions F and
G where

F(®) = f(&) —myt, G(&) =g() -

we find that
16.((g = m)(f —my0)) =
Ik (D)~ 1[(10 kg —m,l kt)(l&kf - mll&kt)]:

(ESNES) e [ngflokg myIgytlgg — malgtlgy f

+mym, (onkt) ],
where

1§.((g —mu)(f —myt)) =

Io1fg(t) — mll&k(tg(t)) - mzlg,k(tf(t)) + mym, 1§ t2.

To prove c), it suffice to consider two decreasing functions

F(t) = f()

Threfore

— Mit, G(t) == g(t) — M,t.

15:((g — Myt)(f — My1)) =
8189 — MaI& ) (18 f — MyI&t)]=

15 (D) ™ [164f 1819 — MyIgict150g — MaIgit1Ecf
+ My M, (15t)°].
where
1§:((g = M) (f — Myt)) =

[61f 9 (©) = My 1§, (¢g (O)MIG (e (©)) + My M5 L2,
The proof of Corollary3 is complete.

Remark. If k=1 inTheorems 1, 2, 3, 4 and Corollaries,
we obtain the results of Theorems 3.1, 3.2, 3.5, 3.6 and
Corollary 3.7 of [2] respectively.

I1l. APPLICATIONS

We consider some applications of notion of synchronous
functions.
1. First we give a new proof of Theoreml for affine functions
f(t) = a;t+ b, and g(t) = a,t + b, under condition
a,a, > 0 which are a particular case of synchronous
functions.
Corollary 4. Let the functions f and g be two affine functions
f(t) = a;t + by and g(t) = a,t + b, on [0, o[, where
a;a, >0,t>0, a >0k >0,then

Igx(ast + by)(azt + by) =

1
15D —w—lox(ait + b)Igy(at +by).  (28)
Proof.
The following inequality
2+ 1) 2 +2, (29)

holds for &, k > 0.

Inequality (29) implies

T2 a_- (30)
k

Multiplying both hand sides of (30) by

1 o) T@) 2+4%
a,a, @ F( )F(“%) t“"k, where
a,a, > 0,t > 0, we get

1 o« @) 242
— = k>
12 a14; K[k (o) r ( ) F(2+%) t -
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1 1
a
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Since
[(z+1) =2zl(2),

for all z > 0, then by (31), we get

1 o« T3  24%
a1az kIk(a) (E) 1"(3+%) Lk
t 1 o\ T(2)
71 Kk(@ r ( ) F(2+%)
Using Iemma 1 and equality (3) respectively, we obtain

50 = o T (D

a
2+E,

(D

>

a
1+E

aay a— t (32)

1 o T «
“m@ Wrasn® @
Similarly, we have
o 1
150 = i T () T ©
1 o I'(2) T+
- ka(a)F(k) r2+D ettt (34)
and
I§3(t2) = kr( () )
1 o I'3) 2
ka(oc)F( )r(3+ ) (35)
Thus
I@ g+1 1+ ) ,
I () r(2+—) T D
I1&.(1) ra % F(2+—) = 1+%. (36)
r(+y)
By applying (34),(35) and (36), we find
a, @15y (t) = a;a, i@ (1)( Sk (37)

By adding (a;b, + azbl)l (D) +b;b,l
sides of (37), we get
a, 0,18, (t%) + (a;by + azby)IGy

0x(1) to both hand

() + bybyIg, (1) =
(I8 ()? + (a;b, + ayby)IE (1)
+byb, gk (1), (38)

1
10y ~—1< 15D

where by, b, € R.
Consequently
I(‘Jx,k(a1azt2 + (ayb, + azby)t + biby) =

2
ﬁ [(alaz (Ika(f)) + (a;1b; + ayb)Ig, (D15 (1) +
ok

(1D 18 (Y2
Therefore

(39)

Ig(ast + by)(at + by) =
1
Ié’fk(l) Ok(alt + by)lg, k(azt + by).
Inequality (28) is particular case of Theorem1 with

10

2. Second, the notion of synchronous functions admits certain
applications in computer science , for example in the theory of
parallelism.

Authors thank Professor M. Belarbi for valuable comments.
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