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MATHEMATICAL MODELING
AND HIGH PERFORMANCE
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A mathematical model is developed Jor a hybrid stepping motor and then a numerical simulation is provided in view
of studing the behaviour of the motor chiefly in dynamic start regime and in steady-state . The differential equations of the

model are solved using an gdvanced continuous simulation

language called ACSL. The motor is first tested by numerical

simulation in dynamic start regime with constant Jrequency of input pulses and with different laws for vérying this frequency
determining the optimal law Jor motor acceleration, and second by improving the average torque of the motor in steady-state
- The method presented here for this aim is generally valid for a wide range of hybrid stepping motors .
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1. Introduction
?

In recent years there has been growing interest in the
application of stepping motors in control systems . This
motor has many apparent advantages in positioning control
applications . For instance, the digital nature of its driving
sequence permits it to interface with many types of digital
transducers, networks, and computers with a minimum of
interface hardware . however, there has not been a great deal
of publication on the subject of stepping motors, especially
in the area of mathematical modelling, simulation and
optimal control of the motor, O'Donahueand kieburtzhad [1]
developed some linear transfer functions for the stepping
motor These linearized representations are inadequate when
the motor is used for precision positioning . Chang [1]
recently published some interesting result son the theoretical
aspects of type of variable reluctance stepping motor .

Stepping motor is a rotary electromechanical energy
converter . It delivers an output in the form of discrete
angular “*splacements when excited with prescribed
electrical signals . In common terminology it is a a rotating
machine which rotates in steps of fixed angles . The input to

such a machine is in the form of voltage steps . A part from
the well known stepping motors, variable - recluctance and
permanent-magnet, another type of stepping motor having a
permanent magnet in its rotor is the hybrid motor . The term
‘hybrid' derives form the fact that motor is operated under
the combined principles of the permanent-magnet and the
variable-reluctance motors . Generally, hybrid motors are
used for high resolution high-torque applications, and
reluctance motors for high-speed low-intertia application,
and permanent -magnet mof-r for large-step low-torque
applications [2].

2. Description of the motor

The specific motor used here for illustration (table 1)
is a hybrid stepping motor see [3] référence 34 (344-621), it
has 4-phase that are capable of delivering much higher
working torque and stepping rates than other types of
stepping motor, whilst maintaining a high detent work even
when not energised (Fig 1) .
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3.Development of the mathematical m el

The model devel red here is for a two phase
bifilar wound stepping motor, by supposing the motor
as a machine with four indépendant phases [4].The
mathematical model of an spen loop stepping motor
consists of a system of diTferential equations which
describe the equations of e.ectrical equilibrium of the
motor phases and the torque equations[2].

Although the physical configuration of the
motor contains four indépendant phases (Fig 1), for
mathematical convenience, a bifilar winding is
considered here . Phases a and c¢ are the two
components of one bifilar winding and phases b and
d are two components of the other winding.
Because of this arragement of the four windings, full
coupling exists between phases a and ¢ and between b
and d.In addition, the phase currents i, andi,.
oppose each other magnetically, as do phase currents
i,and 1, Since the pair of windings a and c is in
quadrature with the pair b an d, there is no common

flux between these pairs of windings .
These lead to the following flux linkage

conditions :

/’i‘ab == ﬂ'ba = O
]‘ad =Aga = 0
/lbc = Z’cb - )
/ch B de 0

etz to sagpuadicns 3

ﬂ' ca == T l aa

ﬂ‘ bd, ot ]’ dd @)

/ldb = _/lbb

With reference to Fig 1, the voltage equtions for the
four phases may be expressed as

di,
dt
Where : V. - voltage applied to phase K

V, =1, %1, +

1, - current in phase k

1, resistance of phase k

A, - lux linkages of phase k
k -w'ding phase =a, b, c, d

The flux linkages of phase k, have components
from all phase currents and the permanent of the rotor

. Thus, A, may be expressed as

ﬂk =4 ka +21<b ”Mkc +de 'Mkf ©)

where
Ay = flux linking phase k due to current
flowing in phase j, j=a,b,c,d

A= flux linking phase k due to the
permanent magnet .

Using equation (4), the flux ~ “ages of each phase
can be detailed as follows :

/,La =ﬂ’aa+ﬂ’ab +X‘ac+ﬂ’ad+/1af
Ay = Ao+ Ay Ao Ay T A
Ay = Ay + A T A T Aat A G)
Ay = Ay + gy + Ao+ Agg + A

Substituting equations (1) into equation (3), the flux
linkages are simplified to the following form :

A =g - Aoy ok Ay
A
A Bl i Bioflest 0 16)
A ool it dlegpith g «

Substituting equation (2) into equation (6), the flux
linkages are simplified to the following from :

ﬂ“a w5 ﬂ‘aa —Z’cc ;l_}“af
Ay = Ao — Aag T At
ﬂ’c = j“cc —Z'aa + /?’cf Q)
Aa = Aaa — oo T A
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Since the objective here is to derive a mathematical
1 for dynamic motion, there is a need to relate the shaft
ngle 6 and its derivative to the input voltage through
generated shaft torques . The first stage of this derivation
plus needs to relate input voltage to phase currents . These
phase currents are then to be derive the torque in terms of
the angular position . Using the general concept of self and
mutual inductances, the total flux linkages are expressed as.

=l* +1

Bt ool sty by ¥l 2 1+ S

=a,b,c,d

l‘kj = average self inductance of phase k when k = j

= average mutual inductance between phases k and j when
k#j(=0)

Therefore for a bifilar winding hydrid stepping motor, the
flux linkages of phase may be writtem as

ﬂ'a =laa*1a—lcc*lc+/1af
Ay =Ly #1, —lgg * 1y + A
/?’c =lcc *la _laa*lc +ﬂ'cf

Ag =lgg *1,

&)

The inductances of this stepping motor (phases) are
not depending on the rotor position & .However, when the
Hagnetic circuits are saturated, the inductance will depend
on the phase currents . A number of further assumptions are
made here for mathematical convenience : since the four
windings of the motor ar likely to be manufactured in
wolume quantity, it may reasonably be assured that they have
same number of turns, same amount of resistance and
same inductane (equal to a constant value) .

From the last ascumption with the inductance

“equation (9) becomes equal to

A, =16, =i )+A

iy
Aol (i ok )RS
;Lc =1l(ia _ic)+/1cf o
haT dllipsaigd Hitge

From equation (3) the phase currents can be expressed as

da, 1
dt "1

1y 551 (Vipict a1

~
Equations (10) and (11) need now to be combined to obtain
the input output relationship between the phase voltages va,
vb, ve, and their current ia, ib, ic and id . Each phase
current is expressed as

'a =(Va _ll(dia —dic)+dﬂ'af)%
o= Yok _did)ﬂubf)% 12
‘e =(vc —ll(dia —dilc)+dlcf)%
iy =(vy -1, (i —did)+d/1df)%

The total torque developed by the unsaturated motor may be
written as

tto.t T ta gl t.b i tc + td @3y 5

and each phase torque it expressed as

ta i —k2 ﬂfia * sin(n r¢9).'

p =k, *iy *sin(n ra-l)
t,=-k,*i_*sin(a 6 -7) ka
d =—k2 d*sin(nrH——32£)

49




Synthése n°03 Juin 1998

>
At low-speed, the e. m . f effect is neglected and the
current phases build up and decay instantaneously, because
the excitation of one phase is greater than the winding time

constant ¢ = I, /1. The optimal instant of switching is the
intersection of torques curves.

At high-speed, static torque curves are not any more
sinusoidal [4], because the current in the phase donot build
up or decay instantaneousl and thus, the torque build up
time is finite . In general, the average torque depends on the
electromagnetic time constant and the e . m . f .Another
control technique comimonly referred to as Ignition
advance " is used forTmproving the average torque of the
stepping motor used for higher speed[4 ,6] :

For better understanding the above technique, it is necessary
‘1o introduce the concept of lead-angle f and the switching

angle a.p8 indicates an advance in comparison with the
instant of detent a which is defined by a=2*r, — 1. =7/2 -

the motor resolution, can allow generation of a command
signal when the rotor in position before detent [4,6]

The variation of switching angle or the lead angle has direct
effect on the motor acceleration .

A good choice of lead angle versus the frequency of control
allow us maximising the average torque.This technique
Justified by the fact that current phase must get enought time
to build up until its nominal value and this before the end of
excitation interval .

As the average torque is equal to the average value of the
total electromagnetic torque developed by the motor.

27

T, = [tode (15)
0

I
1 2 ;z_
This can simplified when average developed torques by the

phases are supposed to be indentical, so

u

- _ﬁjia(a)sm( n.9)do (16)
T

0

| =

m

In order to optimise the average torque, the lead angle [ is
used in the last equation as follows

s+
T, =-22 i,(6)sin( n,0)de (17)
T

8

After transformation and integration we can get the
following m  ‘1ge torque:[8, 9] :

T = L[Vlm(rCOS(ﬂ)'11w5in(ﬂ))+k1ra)] §1%)

= _lfa)l +r
where k, [Nm/ A] motor constant
k, [V /(rad / S)] motor costant
k, [H] phase inductance
r[Q] total phase resistor
V. o = 4v/ 7r:max value of the voltage supply
,6’[ rad] : Lead angle
a)[rad / s] anglular velocity
It is clearly see that Tm depends on the lead angle

[and the angular velocity @ . T, is at its maximal value
when commutation is done at an optimal lead angle .

In order to evaluate this optimal angle, the
maximum of T = f (/) must be found . This means
calculate dT,/df and put it equal to zero, and at the end
we have .

Lo
B = -z — arctan 1 — 19)
r
Where
~ g gy g )

The varation of the optimal Tm versus frequency of

the hybrid stepping motor will be then the enveloppe of all
torque versus velocity curves .
The rotor dynamics are given by

d 1
d—w =(t, —bb*w-t,)- (22)
t . ]

ttot =developed torque

t,q = frictional load torque

bb = viscous friction coefficient
J = total rotor and load inertia

0 = [wdt 23)
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In summary, modelling any kind of stepping motors
requires four relations [2] These are :

{1) - the voltage equations of the electrical circuits.
(2) - the flux linkage relations
(3) - the expressions for developped torq
(4) - the dynamic equation of the rotor

The induced ¢ . m . f due to the permanent-magnet in
the phase as supplied by the Astrosyn International
Technology PLC may be expressed as

€, = #n o n (24)
with

- 25)
(n,n,i) i '

@ - magnet flux ; in Wb
1. - holding torque at the current phase i with one phase on
From the RS-data sheet the following is taken
n, - rotor teeth number = 50
n_ winding turns = 176
@ shaft speed ; in RAD/SEC

The flux linking phase k due to the permanent magnet may -
= written as

14
Ay = —esin(n

dt :

Aye
it _ —esin(n

dt i

diy = —esin(n ,
dt

A = —esin(n L3
dt 2

(20)

imulation Language

Regardless of the stepping motor type, its dynamic
behaviour is most of the time non-linear. Because of
analytical complexities, the most convenient method of
dbtaining dynamic solutions to the equation of motion is to
develop a computer simulation.. The main advantage ofa

digital computer simulation is that, in additica to studying
the existing system parameters, the worst-2ase parameters
can also be investigated without additiona! modelling effort.
The dynamic of stepping motors is usu-lly described by
differetial equations, in most of the cases FORTRAN or a
simulation language like the ADVANCED ZONTINUOUS
SIMULATION LANGUAGE (known as AiCHES S IL)ican
beused A . B . S . L is particularly suitab'e for dependent,
non-linear  differential equations anC or  transfer
functions[5]. The user can write A . C . 5 . L statements
based on an equation that descibes tle system uder
inestigation .

A . C.S.L processor is gble to sort equations in
such way that no values are used beforc they have been
calcuted, this is valid only on thc derivative section
statements describing the model, th= equtions need rot to be

. ordered.

5, Simulation Resuluts

The model derived above, is simulated using the
flow-chart of Fig2 . This was implemented by using the
advanced continuous simulation language ACSL installed
on a 386/87 PC .

The simulation language results of the angular
position, angular velocity and torqus with constant
frequency input pulses are plotted on th first set of Fig 3 .
Because fo the low frequency of the pulse train created for
this simulation (first set 20HZ), it is very clearly seen from
these plots that the rotor stops at the end of each step
operation is particularly suited to applications Where large
amounts of load inertia is usually combined with a viszous
damper in order to obtain the required transient response . If
the frequency of the pulse train created at the input
controller is increased, see the second, third and forth set of
plots on Fig 4, 5 and 6 corresponding respectively to the
frequencies of 40Hz, 80Hz, and 160Hz, the rotor speed will
increase, and beyond certain frequency the rotor will move
from single-step to a continuous mode . In this mo-e, the
rotor does not come to a stop at the end of a step, an<t thus
its bahaviour is similar to a conventional rotary machine .

However, the variation of the angular position, -

angular velocity and torque of Fig 7 at F = 100Hz is done
for tmax = 0.1s and Fig 8 for tmax = 0.2s . Certain lows
(Fig 9 linear frequency, Fig 10 hyperbolic frequency profile,
Fig 11 exponential frequency profile ) were tested for motor
start with variable frequency input pulses .

S1
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The variation of frequency (frequency profile), of its
slope and also of the angle and speed are plotted for each
case, as indicated in Fig 9, 10, 11 ; Examing these last plots,
the following corclutions can be drawn : hyperbolic
. frequency profile provides the minimal starting time without
lcosing steps, and the slope of frequency profile must be
high at the beginning of the start and then it must decrease.
In Fig 12 are the plots of the torques versus velocity for

three values of f3.
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STEP ANGLE 1.8 DEGREE
NOMIMAL PHASE PARAMETER & RATING 3.0 Vdc
VOL
RESISTANCE AT 20°% 1.8 OHM
CURRENT 157 A
INDUCTANCE 5 mH
HOLDING TORQUE 1100 mNm
DETENT TORQUE 100 mNm
WORKING TORQUE 650 mNm
ROTOR INERTIA 640 gem”
PULL-IN RATE (MAX) 800 step/s
AMBIENT TEMPERATURE - 40to + 65 °C
TEMPERATURE RISE (inax above ambient) - NE
INSULATION CLASS B -
WEIGHT 1350 g
PHASE NUMBER 4 -
Table 1 Motor technical parameters
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a) axial view of a two phasebi-filar wound
hybrid stepping motor V motor (12 V)

to the respective pins of the diver
(b) 1 Schematic of the hybrid stepping motor wound
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design, y
Tabie 2 Program structure
B . v PROGRAM SETTy vy
979, e = START
férence ® statements performed before the run :
begins . L !
theory ®  state variable do not contain the initial o Declaration of the different
ontrols conditions yet . Constants of the system
)CESSor ¢
“dition Initialisation of the system
n and ATIVE :
IEEE ® statements needed to calculate
den'vat_ives of each INTEG statement 4

A1

Sequencling the puise train
Into the motor four phase

statement executed €very commu-
nication interval

é 3
AL : | Calculation of the currents
* statement executed when ‘ And torques in the phase
thtermination condition TEMP ‘
become true . ‘

Calculation of the output
Parameter (Sp,posit, etc.

Ploting of the previous
Calculation parameters
During the time

Fig 2 System simulatiou flow-chart

* Electrical Engineering Universite of Annaba - Algéria
** University of Reading, England.
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