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Résume

Nous proposons une tecchnique pratique pour compiler les fonctions définies par filtrage danss les languages equationnels,
en une table de filtrage a partir duquelle un code efficace peut étre dérivé. Nous assumons que |'évaluation est effectuée
seloin la stratégy normale. En premier lieu, |'ensemble des patterns est converti en un ensemble fermé de patterns qui
permet ‘d’effectuer le processus de filtrage sans faire de retour-arriére. Ensuite, une table de filirage est construite en
utilisant une méthode de compilation inspirée de celle utilisé dans YACC. La plupart de la discussion assume que
l’ensemble de patterns traité est lineaire a gauche (le cas non-lineaire peut étre pris en charge par une passe additionnelle
suivant ['étape de filtrage). : '

Mots clés: filtrage, re-écriture, programmation equationnelle, compilation.

Abstract -

We propose a pratical technique to compile pattern-matching function definitions in equational-like languages, to a
matching table from which efficient code can be derived. It is assumed that the evaluation is performed using normal order
strategy. Forst, the original pattern set is converted to a closed pattern set allowing for the pattern-matching process to be
performed without backtracking operations. Next, a matching table is constructed using a compilation method inspired from
that YACC employes. Most of the discussion assumes that the processed pattern set is left-linear (the non-linear case can be
handled by an additional pass following the matching stage). :

Key words: pattern-matching, rewriting, equational programming, compilation.

b

1. Introduction , ,
y The pattern-matching process provides a rule whose left

side matches the expression considered. As patterns can
overlap, several rules can be 11¢tched at the same time. In
this case, a meta-rule allowi1 ¢ Zor the selection of a ~ingle
matched rule is used. Exarmy es of such a meta-rule are the

As researcl. has prove- so far, the pattern-matching
feature of equational and functional languages is very
expressive, fully compensating for the lack of side effects in

such languages.

The operational semantics behind the rewriting-based
programming paradigm is now well-known [10,11,14]. It
consists of using a set of equations considered as left-to-
right rewrite rules to simplify a given term, called the
subject term. Ctarting from this term, the evaluation
process produces a sequence of expressions by repeatedly
replacing .istances of left sides of rules with their
corresponding right sides until no further replacemerts are
possible. An instance of a left side in the subject expression
is called a redex, and an expression with no redex is saic' to
be in rorraal form.

first matched rule (textual order) and the most s, ecific
matched rule [12]. The textua® order meta-rule will be used
here in the case of overlapping patterrs. However, the
method presented through this paper is easily adapted to
any meta-rule which can be establis™ed at compile-time.

Usually, the pattern set is pre-processed pfoiucing an
intermediate representation allowing for th ° matching
process to be performed efficicntly. Different kinds of such
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representations have been studied: Conditional constructs,
Jike those in procedural languages, have been exploited for
this purpose. Examples include the if-then-else construct
25] and the case-expression [3,13]. Another kind of
epresentation consists of a matching tree (also called the
index tree) [6,11]. Similarly, pattern-matching definitions
‘Bave been compiled into a finite matching automaton in
18.10,12,14,7].

_ghe practical method we shall “escribe in this paper is
spired by the method of automatic generation of parsers
9] which have been used for many years to compile
amperative lanugages.  Backtracking in the pattern-
maiching process, can consume considerable time as well as
ace. Therefore, prior to the matching table generation,
e original pattern set is converted to an equivalent closed
ttern set, using the pattern closure operation defined in
|4]. After the method of generating the matching table is
~described, there foll ws a description of how to interpret
‘such a matching table.

2. Notation and Definitions

- Definition 2.1: An equational program can be defined as a
mple EP=<F,V R, T>where F ={f g h, ..} isa
* set of function symbols, V' = {x, y, z, ...} is a set of variable

fo a abols and R = {n]— t], n3—> t3, ...} is a set of rewrite
d;" ‘rules called the ferm rewriting system, where 7 i and tj are
fo be

called the pattern and template respectively. T is
subject term, vhich is the expression to evaluate.

- For convenience, in most of the paper, we will consider
)¢ patterns to be written from the symbols in FU {@}

¢ @ is a meta-symbol used whenever the symbol
representing a variable does not matter. For a pattern set T,
~ we denote by F' the subset of F containing only the

nction symbols in the patterns of 7. A ferm is either a
ari able, a constant symbol or has the form f{o}, o), ..., )
where each o; (1<i<n) isitself a term and » is the arity of

ﬁ e
| =
l

lefs the function symbol f denoted by #f. The subject term is
Ec:;n - supposed to be a ground term, i.e. a term containing no
ey riable occurrences. Terms are interpreted syntactically as
ingle es labelled with symbols from F U V. An instance of a
’ethe erm ¢ can be obtained by replacing leaves labelled with
l ariable symbols by other terms. In practice, however, both
- used subject term and templates are turned into directed
tdut‘g zyclic graphs (DAGs) so that common subterms may be

‘shared (represented physically once). This allows for the
evaluation of such subterms to be performed at most once
ring the whole rewriting process.

Y
ching ‘Definition 2.2: A position in a term is a path specification
~ which identifies a node in the graph of that term and
- therefore both the subterm rooted at that point and the
symbol which labels that node. A position is specified here
using a list of positive integers. The empty list A - .otes
the graph root, the position k denotes the kth child of the
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root, and the position p.k denotes the kth (k<I) child from
the position given by p. The symbol, respectively subterm,
rooted at position p in a term t is denoted by t[p],
respectively t/p. A position in a term i$ valid if, and only if,
the term has a symbol at that position. So A is valid for
any term and a position p = q.k is valid if, and only if, the
position q is valid, the symbol f at q is a function symbol
and k<#f.

For instance, in the term ¢ = f{g(a,h(a,a)),b(a,x),c),
#[A] denotes the single occurrence of f, #[2.2] denotes the
variable symbol x whereas #[2] denotes the symbol b while
#/2 indicates the subterm b(a,x) and the positions 2.2.1 and
1.3 are not valid. In the following, we will abbreviate terms
by removing parentheses and commas. For instance, ¢
abbreviates to fgahaabaac. This will be unambiguous since
the given function arities (i.e. #/= 3, #g=#h = #b =2, #a =
#c = 0) will be kept unchanged throughout all examples. In
particular, the arities #/= 3, #g = 2 and #a = 0 will be used
in the running example.

Definition 2.3; A pattern set © is overlapping if there is a
ground term that is an instance of at least two distinct
patterns in 7 .

For instance, the set n= {faww, fanw} is an overlapping
pattern set because the term faac is ar instance of both

patterns whereas the set ' {faww, fcww } is a non-
overlapping pattern set. A similar notion is that of pattern
prefix-overlapping:

Definition 2.4: A pattern set © is prefix-overlapping if
there is a ground term with a non-empty prefix that is an
instance of prefixes of at least two distinct patterns in 7.

For instance, the set m = {fama, fwac} is a non-
overlapping pattern set but it is a prefix-overlapping pattern
set because the prefix faa of the term faaa is an instance of
both prefixes faa and fow.

When overlapping patterns are allowed in equational
programming a meta-rule is needed to decide which rule
should be matched when a conflict due to overlapping
patterns  arises. The meta-rule defines a priority
relationship among overlapping patterns. Thus given a
pattern set w and a meta-rule, we can formalise the notion of
pattern-matching as follows:

Definition 2.5: A term ¢ matches a pattern w; e 7 if and only
if ¢ is an instance of m; and ¢ is not an instance of any
pattern 7; € w such that the priority of m; is higher than that
of m;.

Definition 2.6: A term #].is more general than a term £ at
a given common valid position p if and only if #][p] € V/,
1[p] e F ancthe prefixes of #] and 1) ending immediately
before p are the same.
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Definition 2.7: The closed pattern set = corresponding to
a given pattern set 7 is the set obtained by applying to w the
closure operation defined by Grif [4] as follows:

For any Se Fu {w}, let /s be the set of elements of ©
starting with s but with the first symbol s removed. Define
npand nf;, feF by:

Tp= 7o
# '
nl fuaw fn/a) frn/fzo
T f =
2 otherwise

The closure operation is then defined recursively by:

T if n={c}orn=0

a |

otherwise

USn s

seFu{w}

Here ¢ is the empty string and o is a repetition of
#f symbols @. The set 77 includes all the patterns in 7
starting with f, but with f removed. In addition, while
factorising a pattern set according to a function symbol f
(i.e. computing mf) the operation above takes account of the
components starting with a variable symbol as well; the
symbol @ is considered as possibly representing a subterm
whose root symbol is f. Therefore, a new component is
added to the set 7. This component is obtained by replacing
o by a sequence of ws whose length is #/ This sequence
stands for the arguments of /.

The closure operation supplies the pattern set with
some instances of the original,patterns. In effect, if one
pattern is more general than another at some position p then
the pattern with o replaced by fw#f is added. For instance,
the prefix-overlapping pattern set =« foaw, [fowa,
Jegwagww} can be converted to an equivalent closed
pattern set m using the closure operation computed as
follows:

n =frs= flwan,0oaogoogoo}

= fo{aw, wa, goowgow }= fcol_3 )
where
-E =a.Faua)P_wugFg.
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=a{w, ajuv w{?}y glowgow, nwa}

={aw, aa, wa, googow, g» wa}
Then, the closed patterii s¢ correspondiig o 7 is:
={ fwaa fwéw, fogows, fogwogow, fowa)

It is clear that the n w patterii set accepts the saiiie
language n does since the added patternis are all ifistaiices of
the original ones. The closure operation terminates and can
be computed incrementally (for full detailed description and
formal proofs see [4]).

With closed pattern sets, if a pattern m] is miore
general than a pattern mp at position p, then mafp] is
checked first. This does not exclude a match for ] because
the closed pattern set does contain a pattern that is ] with

n1lp] replaced by w3 p]w#"2[p 1 Under this
assumption, an important property of such closed pattern
sets is that they make it possible to determine whether a
target term is a redex merely by scanning that term from
left-to-right without backtracking over its symbols. ‘

Symbol re-examination cannot be avoided in the case
of non-closed prefix-overlapping pattern sets whatever the
order in which the patterns are provided. For instance, let
be the prefix-overlapping set {fcax, fagawa}. Using the
textual order meta-rule, the first pattern must be matched
first, if possible. Then the term fcgaaa cannot be identified
as an instance of the second pattern without backtracking to
the first occurrence of ¢ when the last symbol a is
encountered. However, the closure © = {fcgaax, fcgaan,
Jfegwax, fcwc, fagaway allows matching without
backtracking. Then the term will match the second pattern.

Definition 2.8: A matching item is a pattern which is split
into a prefix and suffix by inserting the matching dot (¢) at
some point.

In general, for the pattern of the matching item o=f3
means that the symbols in the prefix ¢ have been matched
and those in S have not been checked yet. Thus, the
matching item £ represents the initial state prior to
matching the pattern f whilst the matching item or
represents the final state after matching the whole pattern
a

Definition 2.9: A set of matching items in which every item
has the same prefix before the matching dot is called a
matching set. The initial matching set contains all the
matching items em; s.t. m; € 7w whereas matching sets
containing items of the form 7;* are final matching sets.
Note that final matching sets can contain only one matching
item.
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at hing Table Generation

In general, the pattern-matching compilation
que at the heart of this paper, can be thought of as a
driven method inspired by the LALR method used in
(Yet Another Compiler Compiler) to generate
ers for LR-languages [1,9].

The closed pattern set to be compiled is considered
: set of right-hand sides of syntactic productions. For
ethod, they contain no non-terminal symbols. The
#n set compiles to a matching table whose entries are
ied using the information provided by the canonical
ction of the matching sets which is derived from the
em set using the following procedure:

A pattern set 7 is compiled into a deterministic finite
ing automaton.  The states of this matching
maton are computed using the following transition
ation 6. For each symbol se FuU {w} and matching
2 £, a new matching set &7,s) is defined by:

= {as'-,B'l oesf e ITu {m-fa#f,ul orsau € Iand

forsome f'e F andterm u',orsfu’ e I}

Notice that the presence of the items as*wu together
the items as*fu' in the same matching set creates a
B-deterministic situation for a pattern-matcher since @

be substituted with a term having f as head symbol.
items as-fai#f M are added to remove such non-
sminism and avoid backtracking. For instance, let & =
a, feaxy and let M be the matching set obtained after
=cpling the root symbol f so M = {fwan,
3 fcaa}. Theitem focan is added because a target
with the prefix ¢ could match the pattern fwaa too if
last argument of / were a rather than ¢. So supplying
-slance fcwa would allow the pattern-matcher to decide
srministically which option to take. Without this new
the pattern-matcher would need to backtrack to the
=t argument of f'if the option offered by fwama were taken
d a symbol ¢ encountered as the last argument of /in the
=t term.  Also, notice that the transition operation thus

|

\

lfm sscribed implements exactly the main step in the closure
i peration due t) Grif [4] but replaces his recursive

he fescrip 'on with a straightforward iterat've construction.

ets he 2, the union of the final pattcri scs r>sulting from

is. ﬁ -lomaton construction procedure coincides with the

ng closure of the initial pattein set.

Each matching set is associated with a state in the
matching automaton, namely that accepting the common
prefix (before the matching dot) in the given pattern set.
The initial state and final states correspond to the initial
matching set and final matching sets respectively. The
edges of the finite automaton are traversed according to the
current input symbol, namely s causes the transition from /
to &l,s). The matching automaton corresponding to @ =
{ma fom, fogoogoo) is given in Figure 3.1.
Transitions corresponding to failure are omitted.

The finite matching automaton corresponding to a
given pattern set is represented using a matching table.
Matching tables are simple, compact and expressive. Also,
they allow a direct access to a given matching state. A
matching table is an Nx(Z+1) matrix of transitions where N
is the number of non-final states in the automaton (10 in the
example of Figure 3.1) and L is the number of function
symbols in 7 . The extra column of N entries is used for
variable occurrences in the patterns, all of which are
denoted by @ The distinction between @ and the other
symbols permits a concise representation of the matching
table.  This enables the use of matching tables for
equational programs with an infinite alphabet.

For a matching state 7 and a symbol SeF_u {o }, let
Al,s) =J. Then the matching table entry MTTJ, s] is:

accept-symboly if J is not a final state and s e

I iy

accept-termjy if J is not a final state and s = @

reduce, T if Jis a final state and r is the
matched rule (see next §).
Sfail Otherwise, i.e. J= 0O

Here the subscript J indicates the next state to enter.
Accept-symbol and accept-term mean that the current input
symbol, respectively the current input term, is matched and
the state &7,s) is entered. Reduce, means that the rule
number r has been matched and should be appli~d whereas
Jail means matching has failed at the given symbol s.

The rules given are used straightforwardly. In all
cases, an o-transition is chosen only when the matching
table entry for the specific current input symbol is Jail. So
ifs ¢ ¥ is the curr=nt input symbol and / the current state
then action MT[I] is performed if it is not Jail, and
otherwise MTT[/, @] is performed. Setting an entry to
reducey requires solving an additional problem if the
matched pattern has been added by the construction process.
For original patterns the rule number to use is uniquely
defired. However, two or more original patterns could
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match any cdded patterns. The selection is made by
applying the rule priorities provided to associate a unique
rule with each added pattern. For instance, for the pattern
set = {lfaaw, 2;fwwa, 3. fagwegon} of Figure 3ud the
added patterns fwaa and fegwea would be associated
respectively with the rule numbers 1 and 2 if the textual
order rule were used.

Ambiguity arises for introduced patterns that belong
to the overlap of 2ny original patterns. For example, let 73
be the pattern added because pattern 1 is more general

foan

80 fona

f wap

S1 f ona

a ® AR § o 3 i
) 4 v

Figure 3.1. Matching automaton for

The - tching table corresponding to the pattern set
n ~f Figure .1 is shown in Figure 3.2. It corresp~ds to the
fin'te autoraton of that figure. For conve iience, the
states/matching sets have been numbered as beforc.

fogoo oo

- ogoegoon

than pattern ny at a given position p. Recall that n3 is
obtained from m] by replacing the subterm n1[p]l = wby a
term of which the subterm n[p] is an instance. Thus n3 is
an instance of 7. Normally, n3 will fail to overlap with np
and so the rule for n; will be associated with n3 also.
However, if 71 and np overlap, n3 may also be an instance
of my. Therefore, the template associated with either 7 1 or
n) could be selected to rewrite the subexpression being
evaluated. The use of the given meta-rule allows for the
selection of such a template. This is performed at compile-
time by associating the presc-ibed rule number among those
corresponding to 7] and ny, to the added pattern nt3.

y

\
S6 fogo " 0gow
o go - wa

yo

fogoo " gow
fogon ¢

fogong: oo

0]

s9 (fogongo - (o>

yo

« fogoogoo »

waw, foad, fogwogown}

57

58

(ogo0a’)

Notice that rows representing final states do not exist
in the matching table. The decision to reduce the target
expression using the matched rewriting rule is anticipated
in the state leading to the corresponding final state.

-«
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- This allows for the reduction of the matching table
rows, where the number r of final states is also the
er of patterns in the closure of the original pattern set.

atching Table Interpretation

~ In this section, the pattern-matching process is
2d as a simple abstract machine represented by the 4-
 2M= <CS, CP, MT, H>. CS is the machine current
: which corresponds to a row index in the matching
CP is a pointer to the current node in the subject
representing the expression to evaluate, held in the
1. CP:label is used to get the symbol at the current
: pointed to by CP. The matching table MT is used to
matching process. The initial state of the
g machine is PM <0, Root, MT,
raph>.Let <CS, CP, MT, H> be the current state of
abstract machine, the next state is determined according
TICS, CP:label] and MT[CS, «) as follows :

accept-symbol; <i, Next(CP), MT, H>

accept-term; <i, NextArg(CP), MT ,H>

reduce, <0, Root, MT, Apply-rule,(H)>
The subject graph being traversed in preorder, the
function Next(P), where P is a graph node pointer, returns
the pointer to the next node whereas the Next4drg(P) returns
a pointer to the next argument. For instance, let fagbahaa
be the subject term and g the current symbol. Applying the
functions Next and Nextdrg would return b and 4
respectively. The move performed using the function
NextArg allows for awhole term to be accepted. Root
represents the pointer to the root of the currently found
redex. Apply-ruley(P) instantiates the template of the
matched rule » and replaces the variable nodes by their
actual raph-values.

Eventhough the machine state transition rules given
are used in the abvious way, two remarks need be
First, whenever the entry MT[CS, CP:label] contains
wl, the entry MT[CS, o] is tried. In case its content is fail,
e heap H is thus holding a graph which does not represent
2 redex and the flow of control is returned to the caller
agnalling the end of the evaluation process. Secondly,

.
-

ist according to the evaluation strategy in use (applicative
lgeec; order, normal order, ...), the process thus described - 1d

imvoke itself recursively to find and reduce the next redex.
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o ymbol f » . .

0 accept-symbol | fail fail fail

1 fail . 4 accept-term 5

2 ¥ accept-symbol3 | accept-symbol 5 | accept-term 4

3 " reduce | fail reduce |

4 1 reduce 4 fail

5 4 fail + accept-term ¢

6 5 - - accept-term 7

7 ; reduce 5 accept-symbol g fail

8 " fail fail accept-term g '
-9 i i 3 reduce s
i Figure 3.2. Matching table for ~ waw, foaa, fogwogow}

5. Conclusion

In this paper,- we described a practical method
allov&ng for the compilation of a set of patterns to an
equivalent deterministic automaton. The generated
automaton allows for the pattern-matching process to be
performed without any backtracking operation.

A}
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Using the matching table, efficient code can be easily
generated.  Notice that no substitution list has been
constructed during the pattern-matching process. As
variable occurrences in the left-hand sides are kno ™~ at
compile-time, their corresponding positions can be
precomputed and stored. Once a rule has been matched and
each time an instantiation of a variable is performed, the
corresponding precomputed position is fetched and
interpreted according to the used internal representation of
terms. The graph representing the variable is then provided
to the template instantiating process which uses it to replace
the current variable occurrence in the template instance of
the matched rule.

Throughout this paper, the textual order meta-rule
has been used to solve the conflict due to overlapping
patterns. We showed however, how most specific, explicit
or other meta-rule can be easily implemented.
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