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1. INTRODUCTION

Forests provide major ecosystem services to people around the world, and their conservation is very important.
For this, we must avoid massive deforestation and also reduce forest degradation. Moreover, the maintenance of
sustainable forest management is important for the carbon balance since it contributes to the mitigation of climate
change.

We introduce a forest model to analyze the impact of different assumptions regarding vital rates (growth,
mortality, recruitment), as well as different environmental conditions, on forest dynamics. Growth and mortality
processes are influenced in a nonlinear way by competition for resources: light (mainly). A synthesis of works on the
modeling of these problems can be found in several references. See for example: Calsina and Saldana [2], Chave [3]
or Goetz et al. [4]. One can also see the references by Kato [6] and Kohyama [7].

The model for the population dynamics we propose is a generalization of the mathematical model for the
homogeneous structured forest introduced by Ainseba et al. [1]. We study here the case of multi-species structured
forest population by solving a system of Partial Differential Equations (PDE). The trees population is represented by
a density function u, := u,(t, h) population of species s, at time t € [0,T] and of height h & [h,, h,.,] (we will set

below h, = 0and h,,, = H for simplicity).
2. SECTION1

For each species s, where s = 1, 2..., Ns, we consider the Cauchy problem:

dius + Iy, (Vi(E h)ug) = —ms(E h)us  for (r,h) € Q:=]0,T[x]|0,H|,

us(t,0)Vs(E(r,0),0) = Bs(t) for te]0,T(, (1)
us(0,h) = u; o(h) for helo,H|,
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where E(t. h) := Z E;(t.h) with

s=1

H
E(t.h) =£ a(H Y us(t.h') di
o M

representing the competition (environmental) function. It is the intra species competition function corresponding to
species s. In (1),

B;(t) = OH Bs(E(t,h),h)ug(t,h),dh

represents the birth function for the species s.

The function Vs (E, h): = Vs (E (t, h), h) is the growth speed of the tree species s; it depends on the competition function
with the other species. In the following, we suppose that the growth speed function V, is non-negative, bounded and
Lipschitz continuous with respect to E; and h with a Lipschitz constant V. In a same manner, we define the function
ms(E, h): = ms (E (t, h), h) as the mortality rate from species s.

2.1. The method of characteristics to simplify the IBVP

A general used technique to analyze PDE’s is the classical method of characteristics (see the
references by Gurtin and MacCamy [5] and by Webb [8]). We will parameterize the height as a function
depending on time t. We have:

ﬂ%{r.nm) = =Gs(E(t,h(1). h(D))us(t.h(1)),  s=1,2,---.Ns. @

Lemmal Let ugt, h) be a solution of the problem (1) along the characteristic curves such that h = ¢, (t) and
s=1,2,--- N, Thenforany > 0and r > 0 and w € [0, t], the function u, has the following expression along the
characteristic curves:

1
i %exp(_/, Gs(E(w.h),h)dw), fora.e.h with he[0,<¢],
5 ? of
us (1) exp(— /0 Gs(E(w.h),h)dw), fora.e.h with, he ¢ H|.

Proof. Let @ (t) be the characteristic curve through the initial pair (,7). Consider the function us (t,h) along this
curve ug 5 (8) = ug(t, @z7).
Considering the problem along the characteristic curves, the relation (2) gives :

dug
dt

(t) = —G(E(t,@(1)). @(1))us (1) fort> 7,
ug (%) = ug(7,1) fort =1T.
With the classical approach of nonlinear problems we obtain a general solution to problem (1) almost everywhere

each u, is considered along ¢ (t) characteristic curve starting at (,7):
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ity (1) = ug(%, ﬁ)exp([ —GS(E(H‘.(p-r.ﬁ(w)).qpf_;?(w))dw). (3)

At this point we consider the two types of characteristic curves as introduced in statement. For the
characteristic curve with initial point (z,0) we apply the boundary condition in (1) and obtain :

t
us(r, Pro(w)) = )EKP(— /r Gs(E(w, @ 0(w)), @z 0(w))dw).

V,(E(7,0).0

Considering our solution, ug (t,h) along characteristic curves starting at = = to, we finally obtain:

ug(t,h) = usl(;{?})exp(— /(; G(E(w, q:b_n(w}j. q)(,_n(n'j)d'.r).

3. THE EXISTENCE OF ASOLUTION TO THE NONLINEAR MODEL

In this section we will proof the existence of a solution to our problem. From Lemma 1, we deduce that the
existence of a solution u, s =1, 2,..., N, is equivalent to the existence of E and B,. We have the:

Proposition 2 Denote by P, = fOH u, (h)d(h) the total population corresponding to the initial condition u, and by

Nl’ H
Ey=Y EJ(t.h) with E{(t.h) = ﬁ a(hyug(h')dh'.

s=1

Let M be the Banach space:

M={fe€(0),f(0,0)=Ey, ||f|]|<K}: and K =max(Ey,Fp).

Then, the linear and bounded operator & :M— ~(Q) is a contraction. This means that problem (1) has a unique
solution.

Proof. We first prove that & maps M into itself. After simple computations we obtain:

|7 (EGeh)| < ||BPoNY ToeP ™ + Eo || < . @)

Now, we show that F is a contration. Consider two different competition functions, one along the characteristic
function with initials (z1, #1) and one along the characteristic function with initials (z,, ,).
We define:

EW :=E(t,@z n, (1)) and E@) :=E(t, @ ,(t)), and for simplicity for | = 1,2. We denote by:

altD := (g (1)),

a(i'z) = ot(@o.y (1))
BY (1) := By(),
uﬁ”(n) = ug (M), (5)

g = gy (Es(t, 95,0(1)), 05,0(1)),
)

)
g = gy (Es(t, 000, (1)), 0.0, (1))
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For the ith competition function we write:

‘s Ny L - P H ) ” £ . Ay
E — E(/Q oc{"l)li’y}exp(—/T ggf'l}dw)d'c+f0 a("zluylexp(ffo gf'z}dw)dn).

s=1

Then we have:

s=1

Ns t t
Z </ a("”(t)Bill(‘r)exp(/ gﬁl'l)(Ex(]).w)dw)d‘c
0 T

ZEt(Pr] m ZET(PT T]’( )))‘

<

s=1

H
+/ a(l.?) l) 1n)exp /gx S dW)dT])
3 @1 @)
—Z /O(X ? S T)exp /gs S dn)d

H
+/ a(z‘z)(r)uﬁz)(n)exp(A/’g.(cl'z)(E.iz)~“‘)dw)dn>'-
0 0

Now we use the linearity of integrals to have the upper bound:
S:i“l ]D(a{” ()B(l T)exp /g{ll E(”.w)dw)
—a®D (B 2} T)exp / 2ZV(ED dw))d

- f (a2 (- [ V(D w)aw)

a2 (1) )(I})cxp(— fo’ ggz.z)(gs{ﬂ_w)dw))dn‘.

N,

In the rest of the proof we focus on the inner part of the sum of terms. On both terms the property
aibl —a2b2 = a2(b1 — b2) + b1(a1 —a2) is used. The above expression is then bounded by:

O o010 - 708w (- [ 7 )
vexp(— [ gD wdw) (o008 1) ) 15 (r))}dr
+ [ a2 0l o (e [ 20 wiaw)exp(~ [[ o2 (B i)
voxp(~ [ 2 (ED wyaw) (a ”(rﬁ«ﬁ”(n)—a“-”(nuﬁz’(n))}dn)‘.

We now apply the triangle inequality, we have: |e_X fe_y| <|x—y|,¥x,y >0, and use the Lipschitzian property from
(€} *2) L .
gs and gs  upon the respective integral functions such that
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| 7 E®-7 (E@) | is upper bounded by:

1 f
/alf-”(r)Bf’(r) [ (LD g d'ytf/gj EP wydwldz
0 F
4 2
+[eo(a“‘”(r)Bgn(r)—a[z‘”(r)Bﬁ')(f))dr
0
(6)
B 0oy @ ) 22
+ [T a2 0u? ) | [ ED wdw - [P ED wdwlan

-+

[ (« 2@l ) —a”-”(r)u?’(n))dn'.

Ny 1 2
<y R|EM —EP

We finally obtain the contraction : ‘f(E“J(I.h)) — F(EQ)(t,h))

NR

£V -2,

where Rs = max (R,,R,,R,,R,) and R = max(Rs) are positive constants.
4. CONCLUSION

We presented a nonlinear PDE model for trees population dynamics for several species of trees. The
population is subject to vital variables (mortality, recruitment.) and to competition. Using the characteristic method
and the fixed point theory, we show that the problem is well posed in the continuous framework.
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