Sperifications of the " Mip gondition " in the sisplast
R K. MADRL

Because of aggregation, marke: frictions ... it has been shown that the guan-
tity transacted ix likely to Tall on the left of the short side of a market
affected by quantity ratianing. Al) previous econcsetric diseguilibriua models
do not allow for this. In this paper we sucgest some specificatiasns which
cater for it., This iz done essentialily by addirg o negative disturbance tarm
thalf-rormal !,

1 Introduction to the simplest gne merket disequilibrium modsls

We shall consider in this paper only partial digseguilibrium
modela. That is we analyse each market in isclation of the oth-
ers.

The vsua! assumption in the equilibrium case is thal economic
agents can purchase and s@ll as much as theéy want at the pro-
posed price ang no onge has the poser to change the price varijacle
by his sale intervention (perfect competition 1w auiumod); The
equilibrium price p® is the price for which the aggregate demand
equals the aggregate suppiy (fig.1l)
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It shoulc be rnoted that thé demand and the supply functions
can be made function of other varisbles but this will rot make
any difference (o the present analysis.

In market disequilibrium modeis with rigid prices, we suppose
that the price 1s not a result of balancing 2 numeérous demands
and supplies in the market but, we assume that fhe price is s=t

. In this case we nave tnree possibilities:

1} The price p’ (see fTig. 2! is less than thF eguitibrium
price p* {(p’ < p=)
in this case the aggregate demand exceeds the aggregate supply
(DEp*) > Sip')i.

The demand side is rationed and the aggregate guantity transacted
is equal to S(p’). Tnerefore, &t l®ast cne buyer cannat purchase v
as much goods as ne wants at the fixed pricw p’.

2) If an the ether hand the price p'’ is fixed at level
nigher than the eguilibrium price p* (see flg. 8!. In this case
the aggregate guantity suppliec exceeds the aggregate guantity
demanded. The aggregate guantiiy transacted is egual to Di(p**).
This means that at least one supplier cannot sell as much Qoods
as he wants at the given price p’’.

3) Last, if the Tixed price it set to be equal to p" we are
in the equilibrium case where no ecenemic agent is rationed. Each
one sells or buys as much as he wants at the given equilibrium

2




ALy

(&

price p=.
In the market d¢isequilibrium Case, just described, it is said
that we are on the ~phort” side gf the markst , that is, the
aggregate quantity transacted is 2oual to the aogregate qQquantity
tc be sold or supplied whichever is the smalisat quantity at the
given fired grice (gee fig., 21. Let B, be the quantity transacted

Qo = Min(DI(n),5(p)3, p Lingd exoqenously, (2)

Dip?

> Guantity

fig., 2

The model of market in diseguilibrium described above can be
US®ed as a firet appraximasion to describe a «laow price ad justment
in the shert run or to analyse situations in which wage ar price
arae fixed authoritatively,

[1} The Econommtric amé.nunnmn of the Simplest Qne Market
DigmQuilibrium Model

Fair and Jaffee (1972) were the first tc attempt tc estimate
Mmadel of merkat in disequilibrium. The simpglest cne market dise-
quilibrium model where the demand and supply equations are as-
sumed to be linear, can be stated as foliows :

Dy = a’Xsw + €354
Sc ® b Xpe + €ne
D.. = Min (Dus 5‘1 3)

Xa and X. ave cets of ®Exogenoun variables ( the price variable Pe
being s=2t exogencusly. 8 ircluded inm these sets).

D. and 5. a&re uncbserved, 0., is the Quant .ty transacted. in the
market ang €,. and €o+ ar® random variables. L

This amcdel cannot be estimated by OLS when €, and €. are
48sumed to De uncarrelated ar by the SURE nethed in the correls-
tion case, because their conditional expectotions are always dif-
ferent from zero. In *his ChBE wWe Can use fhe maximum likelihcod
method as shown by Maddala and Nelsen (1974), Hartley and Maliels
{1977)s Amemiva and Sen (1977: and Goldfeld snd Guant (1975) ard
(19781 .

A second approach te thie grobolem is adopted by Sneessens
(1985). Foilowing, in particular, Tishler anc! Zang (1579),
Sreesens specifies the Simpiest gne-market dizeguilibrium model
as Toliows: =

L)



De = 2' X5
St = b'!dv -
TURETIMIN D St Fow (&)

Whare Wy 18 an error term which may have two different variagnces
Sepending on which regine prevails i.e. :

. .
Wy, @ Juy,

ifT Dy £ Sa

R, .
Tmy, |

Lf D. > S. i
any v 'I

-~ NCO,1. : |

We ghall call this "medel E" and the previous cne "model A", With
respect to model B, QGuant (1982) remarks that it is €ifficult %o
accept that demand anc supply ere exact functions and lists three
possible scurces of errors @ srrars in the underlying utility or
profit maximixation, errors due %o aggregation, and errors in
specification. On the otner hand, Richard (1980, 1982) prefers
model B, interpreting the demand ard supply functions as agents’
centingent plane with respect to the unobserved D.* and S.~.
These contingent plans are the exgected quantitiew which optimize
utility or profit eonditicral on the information available at
time t. Hence, these quantities are Tixed wx ante. The quantity
transacted is given by :

B = min (D™, S.%) + w, (5)
where w,., the disturbance term, represenis all the uncontrolles
factors affecting the cbserved guantity Q..

It seems from the limited Monte-Cerle experiment conducted by
Sneesent (1985! that model B is more robust than madel A. This is
due certainly to the fact that szaple separation . in model B is |
deterministic: - !

Qe € Dy 1T 8°X5¢ £ B'Xuy | |
G. € S. otherwise, i
whereas in model! A the sample separation is stochastic:

G € Dy IT %Xy * E;s S ' Nay * €uy 1
G. € 5, otherwise, ¢ !

111) New Specifications of the Min Conditinn in the Simplest One
Harket Risequilibrium Model

The main feature of the econometric diveguilibrium medels is
the so-called " Min Condition ". : .

Many specifications have baeen suggested. To our knowledge,
reng of them incorporate the assumption that the transacted guan-
tities may fall on the left of the short side of the market i.e.

Qe £ Minl{Dys Si} ' (&}

Thiis specificaticn is jucti*icd for zqggregated markets Muell-

bauer (1978} , inefficient market Benassy (1982 and stochastic
manipulable gperceived rationing Green (19FC) and Weinrich (1984



s

y

al) The aggredation pooblesm @ We are Quing to shouw in a siaple
Examp i@ that two markets ia disequlillorium of a same physicel
Product With tha same price when agoregdTed, {7 The tesulfing
markets the agyregated gquantity transacted is no longer squal to
MiniD,, S.) but it is sirictly inferier ta Mini{D., Su) Tor some
price range (seo Yig. 3). ;
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Market 1 Market 2 AQgregated markets
Tig." 3

For a price ahove pu~ in poth mar=ets suppliers are rationed ard
the quantity transactea is equal to the gquantity demanded, there-
fore p > pe~
Min(d., s,) + Mintdmy s} = Mintd, + da, By + 8@l

Ga * S = &
“herEQs = dig Qn‘?‘eando=d|*d.-n
For a price telow p,*, in both markets the demanders are rationed
angd the gquantity transacted is equal to the guantity.supplied, we
get for p < p,*
Min(d,, s.) * Min(de, &.] = Mintd, + day 51 + Ba)

G P e *40
Where q; = S,y Gu = 8 and @ = s, + 55 = §

However, when the value of p is comprisea hetwean p,* and p.*

v in this case, in the first marke: the Quantity tranmgsacted is
aqual to the guantity demanded which asans that {r this market
the sugpliers are rationed whergas, in the cecond market the
quantity transacted matches the quantity supplied and therefors
it is the demanoers who are rationed here, hence :

Gx W dy €8 = Qy €=, (73

Qe @ Sp € dap > gm € (=" (4=}
A4dingG qu to both s:ide af ef irneguality 7 we obtain

Ge + Qn € 8, « g = B; + 55 (9
adding q. to beth side aof inequality B we get i

Qx + Q» Cde = 6, =dy * de (106
Therefore Q@ = g, + ge ¢ Min(S,D) (113

for p,* < p < pa*
At an aggregated leve! a more accurate assumption is that
Q@ s Mints,D €12}

bl Market jneffi n

The ghort side rule {.m. 0 = Min(E,D) means that demandere
and suppliers are not rationed at the came time. This rule is a
consequence of voluntary exchange and market efficiency assump-
tions. The voluntary exchange assumption means that no economic
agent ie forced o purchase more than what he wanrts or sell more
than what he can supply. This is easily acceptabile, but it is
satisfied even by rero trade. However, market efficiency or fric-
tionlass market as it is alsc called seems to be less satisfacto-



ry agsumptlon for large and dscentralized markeis. In these last
cases buyery and sellers might not always peet angd therefeore the
mutuslly advantagecus trade might rnot take place. For
insgtance vacancies and demands for employmeant may exist simulta-
neousliy. =

In order to incorporate this specification, we suggest ic
introducte & disturbancs ferm following a narmal distribution
truncated by above at zamro. ;

We anaivse threas pcs&i:il’f:ea .

c! Stochastis manipulable perceived rationing @

Arother reaseon o opt for specification (128) comes from re-
sults obtained in connection with the thecry of effective demand:
Grean {(]1580) and Weincich (19843. It has beer shown in this
lrterature that the assumption aof stochastic marni{pulable per-
ceived rationing ia necessary in grdar that the resulting effec-
tive demand comply simulianenusly with twe desirable properties :

1} The effective demancg should te derived from genuine maxi-
mization hehaviour. :

£) The difference between effective deaand and actual trade
should oe a reliable measure of cissatisfaction due to rationing.
This is particulariy important for a theory of price changes %o
be based on marxet excess demand.

If we accept ithe assumpticn that eccnomic agents perceive
ratianing as stechastic ang manipuleble, it is clear that in this
condition we do not know for certain which actual trade will be
agsociated with a given demand. Therefore, it seems necessary o
intiude a disturbance term in the ®in condition to take into
account this stochastic feature, It sheuld also be noted that,
because of these assumptions, Q.. the guanitity transacted, is
likely to be less than th2 corresponding demand which reinforces
the choice of specification (12). In what folliows we shall
Buggest some specitications which allow for the quantity trans-
acted to fall orn the left side of the short side of the marke: in
the contexe a2f both modgele A4 ang B,

Model I t We add to the Min Conditien equation of model A an
er-or term which follows a normal districution sruncated by above
at zero. We obtain the follaowing model:

Do » 8a"Xsy * Uy
Se = B'lpr T Upe
Qu = Min (Dyy S5¢) * uUne \ 132

The price variable being set exogenously., is Included in X..
anrngd XNeesy the erogenous variables of the demand and supply equa-
ticne respectively.

We assume that @

i ~ N(O,g,? y MUama - NiQ,gx)

and ua. fellows a normal distribubion trunceted by above at zera
H

P -

1 Fer other definitions of effeci:ve demand ses Draze (1973) anc Eenassy
(1975),
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e = Uy 50
3’ "U"" .y "
Une *~ f_«('.lx ) ".:
e €, >0
k (14)
Weoel 1 Lan be revritton ir the fellowing way 3
Dy = a‘:‘:\., - ‘: -
S e ™ 5'Xpne * Eny
Gﬁ = Min ‘D'g 'S'. 3 4 (15}
Where €im ¥ Uge 4+ Wy
€xa T UYan * Une (18)

€.+ and €x. are the sum of a narmal varjable and a truncated
normai. The correspending 0.8.7 has been derived by Weinstein
{19680, Using Aigrer et AL (1977) notation we get :

c,,“f,{c,.}-&?-:er(gl-)(i—¢lc,x,a;')1 ~mge, Sem

(7)

tden- 2o 2)0-slemert))  ceseusen

18}

whers gi=oi+cl A, ~0,/0, {19
gleal-al A »a,/0, (20)

¢ and & are the p.d.f any the c.d.f of the standard normal
respectively.

Even., if we assume that U .y Usys Uxe are independent from
one another, €:;. and €=y aré Lontemporanedusly correlated.

A necessary condition that €,, and €e. are independent is
that EtG;‘.épg? - E(G.u)Etiegi. {

E(€ ¢ Epny) = Eiluje + el {hsn + Umgld

T
- £luz)=o2e({£2)")

-o:{i-c.¢iiﬂj) (21)

where c, iw the paint of (runcation. Foar €. = O we obtain g

Et€ic.€mrs = g:



BCE Bl ® Elusy » o lBE{une + Une!

o (et gy of . O)Y

E(€, .1 €aus = 247

(23)

Thnerefore § Bi€,a-E5e!) & TI€ wiEiEnul which means that €.+

ars €a. arg nol independent.

In grder to derive the likelihood functien of model I, we
need the joint distribution of €., and €pe. We did not Tind the
mathematical expression of whis hivariate distripution in the
literaiure. We Sried tc find ather specifications easier to han-

sle. .

ticde! 13 ¢

D- tla‘x\s * Ui

= b7 Xme F Ugas
Qe = Min (Dy, Se?

(24)

Where uy. and usme. are normai distridution truncated by above

Lerivation of the likelinoed function :
A} Wie and Umy are Indesendent

*' Xy LAY
hiG.= .":l"'u, f fai”srjdsr* fsi“':a] f f,[u“)dD,
k-3 X

2%

(267

“I:‘o

u,, >0

Uy S0

u'|>0 .

(27)
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L= TTin e (28)

~l

b} Uiy -and uxy 8Te contemporaneoustiy correlated :

Xy Xy
nded= [ #onsias, [ fio,.e)eo, (29}
Q -0
t-TL.[(hzfQ.H {ao)

.

One of the regularity condition of M.L. estimation (see
Dhrymes page i15) that the range of the random vartable under
study here 0., shouid b independent of the parameters is vioclat-
edl

The range of Gy is t = ® 3, a’X,¢) when D, € Sy and { - ® ,
b‘“ﬂg I whan D!-. ? St *

In this case the oroperties of the maximum likelihood estima-~
tors are uncertain and have to be analysed Tor each particular
case at hand.

We suggest a third model in order to overcame the difficul-
ties encountered 1n model 1 and madel IL.

Mogel 111 :
D‘. = ﬂ’xlg
Sv = D' Xae
B¢ = Min (Bes S + €. (21

where £, & U0 * Uaw
Upe =~ NIQy, o,

[ -2-0(53‘1 : Ly S0

Uy >0
L (3a)
As befTore @ i
f -~ 2 el b |
E," ‘U "'_U. u} f{‘n] ~ E‘ '&" [! —¢(€1“'a }) (33)
where d’- a:'*-o': .L‘G’./U, N (34)

Eatimatico of mogel III : '

Thne likelihood funmcticn of model 11! when we assume the sam~
ple separation known is @
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where €., = 0, = a’!..
Ens ¥ By = b "Kueo

T, are the vbservations for wihich D. £ S
Te are the observaticns for which Dy > Se
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inif{Q,ja.b.h.07}~ T'"(V % )*Tln(o")*"iln{l -¢le, re™))

sf;“(Zf Faledi

t=Tyet ) ¥

HWe take derivatives

a(1-ele,re")) (37)
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‘d'x“]"' ,Z{Ql'b-xm]} (38)

'—(Z,_" {C,=a X )+ Z---——(Q- 'x..]) (39)

2 : )
o STt gaLle XX, (40)
r, \
alnL A 1 :
FLToen X L@t XulXa (41)

¢. 8nd §,. ars the p.d.¥
respectively evaluated Q. -
4. and &, arz the p.d.f
respectively evaluated (@, -

and the c.d.f of the standard normal
a'Xie)iog™? '
and the c.d.f of the standard normal
D’Xu-)lﬂ_“ -

At the aptimum (39} givex 1
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Using this result (38) becomes 1

T i :,'r"* . R ol 3 el "\
_é_;;.ﬁ.b-;:\‘;-_{{}"-a‘x;,! L%iO, ] /.mf}' {43y

Which gaives

' PV .

.?.1\2_[0."4'5(1;1'*2:{‘\?;‘b'*’a.}} (#4)
T Ts ¢

The likelihond function of model TII is similar to the like=-
lihood funztion ef the Tobit mocel and therefore it might share
it’'s Drﬂpw‘f'es- {The log likelihood function of the Tobit model
is wall behaved, cee Maddala (19833),

Many iterative methods exist for finding the optimizing val-
ues of a, by t and o% |

If a Newton-Raphson algorithm is used to maximize Inl, we
need the second derivatives with respect to the parameters. The
second derivatives can be derived easily.

An 1tevative method needs & starting values of the parameters
to te estimated. Ore may $ry to aoply a two-stage method like for
the Tobit mocel te Tind conaistent estimates which can be used as
a starting values.

1t shouitle be noted that model! [I1 i1s aimiiar tc model I in
which we assume that €,. = €., = €. .

Moded IV ¢

Now, if we prefer to use mode! B ae a basie for disequilibri-
um modelling inatesd of mocdel A, we suggest the model below which
caters for the fact that Q. is likely to te on the left side of
the short side of the market:

. ee

0\ - G.Klt
Se = 5" X
Be @ MIin (Des S4) + €. (LS)
where £, = Uy + J. v, iT Do £Se -

= Uy * O0a ¥ Ctharwise
Ueg =~ NiOy o) and v, is the standard narmal truncatec by above
at zera. Using tha same notation as cefare we get :

rded=(270 Jele, 70 )1 -'b[e,k‘c;']] and i
ffe =270 )s(e.s0 )1 -2e(e,0,0]'}]
where g5 eg?«gi(1~2/n) ard
g,=0*~03(\-2/n)
The loglikelihcod of model 1!l is given by

L'ZWU[“ ~raf Qi+ ,(Q)) (46)

where v, 3 0 §f a'Xys £ D" Xue
= 1 othsrwise



As noted by Sneessens 1985, the binary variable r. makes the
loglikelihood function not continuously gifferentiable. Thie div-
ficuliy iz overcoms by using the Tishler ang Zang (1979} twice
continueusly difforentiable approximation to e 3

= Q if Evw3-€
e @ 3(16!§.f€1@—558{EfIEJ”*15!1¢15“121+112 ifT=ECEL<E
w 1 if Ee2E
whore Ev = 8'X3s = D Yus i% Sxcess demanc and € is an arbitrarily

emall positive number, Sneessans suggests in his paper a two=-step
terative prozedurs for optimizing the loglikelinooad function of

model B, The same procedure can be used teo optimize the loglike-
lihood of model 1V. »

iIf we set U, = 0 1n cur modal IV we fall into the same
difficulty as before, ane of the regularity conditions of the
M.L. estimation would be viclated.

To allow for a different symmetcical distursance term in the
demand and the supply functions we can use the following specifi-
cation for €. in model IV @

€y ® Uy + Oy v, if Dy £Se
= Ume + Op v, Otherwise.

Ceonclusions 3

We have suggesied,1h this paper, néw specifications for the
simplest ane market ¢iseguilibrium model that take into account
the fact that the guantity iransacrad may fall an the left of the
short =ide of the market. This means that both, suppliers and
puyers mignt be razioned simultanesusly. This situation arines
for aggregatior ,inefficiency in real markets and the assumpticn
that the perceived raticoning by agents is stochantic and manipu-
labi®w. The new specifications have bepn achisved @ssentially by
actding & normal distribution truncatec by above at zero.

The next stap couid de to extend this specifications to mul-
timarket ciseguilibrium models in ordor to introduce the
spillover effect, that is the effgct of rationing in onz market
on the others and recipracally. The spillover effect is a central
feature in the analysis of multimarket models 1in digsequilibrium.
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