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ABSTRACT

This paper develops a Monte Carlo simulation (MCs) to analyze the stochastic stability of
a pin-ended column with elastic rotational springs at both ends. The randomness of input
factors is considered, including the rotational stiffness of elastic couplings at both ends of
the column as random variables following a normal distribution and the elastic modulus
of the column as a two-dimensional (2D), stationary, homogeneous Gaussian random
field. The spectral representation method is applied to represent the 2D random field and
generate realizations of the elastic modulus. The influence of random factors such as the
standard deviation of the 2D random field, the standard deviation of normal random
variables, and correlation distance in each direction on the coefficient of variation (COV)
of the critical load is analyzed in detail in this study. The results indicate a strong
correlation between the COV of the critical load and both the standard deviation of the 2D
random field and the correlation distance. The COV increases significantly with increasing
standard deviation, particularly for larger correlation lengths. However, the influence of
the variability of rotational stiffness is relatively minor, especially at larger correlation
distances.

1 Introduction

When analyzing structures, input factors such as loads, geometric dimensions, boundary conditions, or material
properties can be random or uncertain [1]. These random or uncertain factors are mathematically represented as random
variables or random fields [2]. The finite element method (FEM) is a popular numerical method used to analyze structures
with complex geometries, various boundary conditions, and a wide range of materials [3, 4]. However, due to its deterministic
nature, the finite element method cannot describe the randomness of input factors or analyze the random response of
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structures. When input parameters are uncertain, the structural response is also uncertain. By merging probability theory and
the standard FEM, the stochastic finite element method (SFEM) provides a powerful tool for analyzing systems with random
inputs [5]. The SFEM is widely applied in engineering and other scientific fields such as materials science [6, 7],
biomechanics [8, 9], and geotechnical engineering [10-12].

To analyze the random response of structures with random input parameters using the SFEM, two primary steps are
typically adopted [13]. The first step involves discretizing the random field into random variables within the finite element
framework. Various techniques have been developed and applied, including point discretization methods, mean-based
methods, and perturbation expansion methods [5]. The second step in the SFEM is to propagate the randomness into the
structure and analyze the random response. Methods developed and applied for this purpose include the Neumann expansion
method [14], spectral finite element method [14, 15], perturbation method [16], and Monte Carlo simulation (MCs) [17].

The SFEM based on MCs is a method that combines standard finite element analysis with the simulation of random
fields associated with input parameters. MCs is a group of numerical methods for structural random analysis based on
statistical principles [18, 19]. The first step in the simulation process is to generate realizations of the stochastic field. Several
methods are developed to generate realizations of stochastic fields, such as the spectral representation method [20, 21], the
Fourier transform method [22, 23], and direct Monte Carlo simulation [24]. Based on the generated input dataset combined
with standard FEM, the structural response is obtained, resulting in a set of random responses of the structure. Statistical
processing of the obtained random response dataset provides statistical characteristics of the structural response, such as
mean, variance, standard deviation, and coefficient of variation. The SFEM based on MCs is a direct method suitable for
stochastic analysis problems [13]. However, due to its statistical nature, this method requires generating many realizations of
the input random field, leading to an enormous computational cost and long computation time. Nevertheless, techniques have
been developed to reduce the computational time to overcome this drawback [25, 26].

The stability analysis of columns with random axial loads or random material properties has been a subject of significant
research and development. S. Anantha Ramu and R. Ganesan [27] analyzed the stability of columns with random modulus
of elasticity and uniformly distributed random loads along the column length. Perturbation techniques and weighted residual
methods were employed to analyze and represent the stochastic field. The statistical characteristics of the buckling load, such
as mean and variance, were obtained. R. Ganesan and VK Kowda [28] developed a SFEM to analyze the stability of columns
made of composite materials with unidirectional fibers. The modulus of elasticity and cross-sectional width were selected as
random variables varying along the column length. The authors used the perturbation method for random stability analysis
in the case of rectangular and thin-walled cross-sections. DT Hang et al. [29] developed a SFEM based on the perturbation
techniques combined with the random field point representation technique to analyze the stability of columns with linearly
varying cross-sections along the column length. Similarly, the stability analysis of columns with a first-order varying cross-
section along the column length and random modulus of elasticity was conducted. T.D. Hien [30] used the weighted residual
method to represent the random field of the column varying along the length. The first-order perturbation technique combined
with the SFEM was used for the stability analysis. The stochastic modulus of elasticity field was represented using the
weighted residual method. The paper obtained the first-order statistical characteristics of the critical load value.

In addition to the commonly considered random factors such as material properties, cross-sectional dimensions, or loads,
research has been developed to consider the initial curvature of the column as a random field [31]. The authors analyzed the
stability of columns with random curvature and concluded that open cross-sections are more susceptible to torsion, resulting
in a lower compressive capacity compared to closed cross-sections. The stochastic stability problem of columns was extended
to composite materials with unidirectional fibers. Studies have focused on off-axis unidirectional fiber composites. For
example, VK Kowda [32] analyzed the static and dynamic stability of columns made of composite materials with solid and
thin-walled cross-sections, considering uncertainties in material properties, geometric dimensions, boundary conditions, and
loads. For this type of material, Nguyen, Hoang X et al. [33] used the spectral representation technique to model the random
material properties of columns made of laminated composite beams with unidirectional fibers. For stochastic analysis, the
authors used the MCs method combined with the isoparametric finite element method to analyze the column's stochastic
stability. The probabilistic model of random fields was also developed and extended to the case of non-homogeneous random
fields and non-Gaussian [34] to analyze single-layer composite beams with random modulus of elasticity and shear modulus
varying along the length.

Although numerous studies have investigated the stochastic stability of columns with a one-dimensional random elastic
modulus and fixed boundary conditions, limited research has simultaneously considered the randomness of the elastic
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modulus in two spatial dimensions and the effects of elastic boundary conditions. Most prior studies model the variation of
the elastic modulus only along the column length, neglecting its variation across the cross-section, while the influence of
randomly varying rotational stiffness at the boundaries on the critical load remains insufficiently explored. To address these
limitations, this study develops a stochastic stability model for columns with elastic boundary conditions and randomly
varying rotational stiffness, incorporating a two-dimensional random elastic modulus using the Monte Carlo simulation
(MCs) method. The spectral representation method is employed to generate realizations of the two-dimensional random field
and integrate them into the stochastic finite element framework. Through a parametric analysis, this study evaluates the
influence of correlation length, the standard deviation of the elastic modulus, and the variability of rotational stiffness on the
coefficient of variation (COV) of the critical load. The results indicate that the standard deviation of the elastic modulus
significantly affects the COV of the critical load, while the influence of randomly varying rotational stiffness diminishes as
the correlation length increases. These findings provide deeper insights into the impact of stochastic factors on the stability
of column structures, contributing to the improvement of computational models for structural mechanics problems involving
uncertainties.

2 Stochastic stability analysis of a column with 2D random material properties using MCs

A centrally loaded column with a rectangular cross-section and length L is considered. The column's modulus of elasticity
is assumed to be a 2D random field. Both ends of the column are subject to rotational restraints provided by springs with
random rotational spring constants.

Fig. 1 — A column with a rotational elastically restrained end and 2D varying random material properties

Assuming a 2D homogeneous Gaussian random field for the column's modulus of elasticity, as defined by Equation (1)
, With Eq representing the mean value and f(x,y) being a zero-mean, stationary, Gaussian random field, the 2D variability of
the material property is incorporated into the analysis. Additionally, the rotational elastic restraints at both ends are modeled
as random variables following a normal distribution described by Equations (2) and (3) with their mean values defined by
K01 and Koz.

E=E,[1+ f(x,y)] @)
K =Kqy [1+r1] 2)

K, = Kg [141;] )
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Using spectral representation [20, 21], f(x,y) can be decomposed into a sum of harmonic functions characterized by distinct
frequencies and phases. This decomposition allows for interpreting the random field as a superposition of numerous simple
sinusoidal waves. Each sinusoidal wave corresponds to a specific frequency component within the random field.

N,-1N,-1 sz cos |:K1n1 X+K, Y+ oW :|

f(xy)=v2Y > b

0 - _ (2)
m=0m=0|+B cos[zcmlx Kzﬂzy+CDnln2

(4)

In Equation (4), A,, and B, denote the random amplitudes of the n-th harmonic function. These quantities are defined by

Equation (5), where S represents the power spectral density of the 2D random field. @Sﬂz and cbﬁz are uniformly distributed

random variables on the interval [0, 2], representing random phases and assumed to be independent.

AW = \/ZSﬁ (K'lnl Ko, )AK‘lAKZ

B, = \/ZSﬁ (Klnl =Ko, )AK1AK2

®)

The frequency of the n-th harmonic component is determined by Equation (6), where «;, and «;, represent the upper cut-
off limits of wave numbers.

K. K
=n o Ky, =1y = (6)
N, ’ N,
e
i

The column is divided into N, elements of length L.. According to Equation (7), the element nodal displacement vector {5}

and shape function matrix [N] approximate the element displacement{v}

(v}, =[N]{o; 0

Equation (8) presents the column's governing stability equation, formulated using finite element discretization. Here, K, Kp,
and U represent the global stiffness matrix, geometric stiffness matrix, and global displacement vector, respectively, with U
corresponding to the buckling mode shape.

[K-2K,Ju =0 (8)

The eigenvalues of Equation (8) represent the critical loads. The minimum eigenvalue, denoted by A4, corresponds to the
lowest critical load, also known as the buckling load. K is assembled from the element stiffness matrices and the elastic joint
stiffness matrix. The element stiffness matrix is defined by Equation (10). The elastic joint stiffness matrix [K]s is diagonal,
the same size as the global stiffness matrix. The diagonal elements corresponding to the rotational degrees of freedom at both
ends of the column are equal to the rotational spring stiffness. All other diagonal elements are zero.

N

K=>[K]. +[K]. ©)

=1

3

®

K], =], vEN'T [Ny, (10

By substituting Equations (1) and (4) into Equation (10) and transforming the result to the local element coordinate system,
we derive Equation (11), with A, denoting the distance from the beam end to the e-th element.

[K], = J, v2Eo[N"T [N"]av,
‘ <2,
NNt | A, COS |:K' (% +4)+x, Y, +<D§H (11)
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The element stiffness matrix is modeled as a combination of a deterministic and a stochastic component. Equation (12)
defines the deterministic part, and Equation (13) governs the stochastic part. In this study, numerical integration is utilized to

quantify the stochastic component of the element stiffness matrix.
12 6L, -12 6L,

e

f JE N,, [N"]dV = E,l 4> 6L, 212 12)
¢ L 12 -6L,
sym 412

J_ . \/_Nimi A, cos[/cm1 (% +4)+x, Y, +c15n1n2]

N"T [N"]dV, (13)
n0n=0 | +B cos[rc1nl (Xe+Ae)—K ye+cz>§fn>z] ] [ ]

Equation (14) is obtained by substituting Equations (12) and (13) into Equation (9).
N, N,
KZZ[KO]e+Z[AK]e+[K]s (14)
e=1 e=1

The geometric stiffness matrix Kp is formed by summing up the element geometric stiffness matrices, as expressed in
Equation (15). The element geometric stiffness matrix is defined as in (16).

Ko = [Ko], (15)
e=1

6 1 6 1]

5., 10 5L, 10

2L, 1 L

. a, 1L
(el =[[NT[N]ox=) B 0 D (16

0 - _—

5L, 10
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sym 15

The stability equation for a column with random rotational elastic restraint and 2D random elastic modulus is derived by
substituting Eqgs .(14) and (16) into Equation (8), resulting in Equation (17).

(Sl S 1) o[ S 1o @

The existence of a non-trivial solution to Equation (17) requires the following condition:

De{[i[Ko]e+i[AK]E+[KLJ [Z[K i H= 18)

e=1

Using Equation (4), N sample functions of the 2D random field of the elastic modulus are generated, along with N sets of
standard normal variates r1 and r, with means of zero and standard deviations of o1 and o, respectively. Equation (19) is
then employed to determine the corresponding N critical loads. The resulting dataset provides a distribution of critical loads

based on the random field variations.

oa [ 1wl + St 1] -4 11 |- @9
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Statistical analysis of the set of N critical load values yields the statistical descriptors of the critical load, including the mean,
variance, and coefficient of variation, as defined in Equations (20), (21), and (22), respectively.

E[4]- %za (20)
Var[i]= ﬁ ii (4 —E[A)) (21)
CoV = Jverl2] (22)

E4]

3 Results and discussion

Consider a centrally compressed column with elastically hinged ends. The column has a length L = 3.5 m, a rectangular
cross-section with width b = 0.4 m and height h = 0.4 m. The rotational spring stiffness of the elastic hinges varies randomly
following a normal distribution with a mean value Ko; = Ko, = K = 19.5x10° N.m/rad. The random variables r; and r; are
characterized by standard deviations of o1 and o». The Young's modulus varies randomly in two dimensions with a mean
value Eo = 32.10° MPa. The 2D Gaussian random field has an autocorrelation function as defined in Equation (23) with a
standard deviation of o = 0.05 and correlation lengths dx and dy in the x and y directions, respectively.

2 2
X —X V. -y
Rfr(XZ—Xl,yz—yl):aﬁeXp —( 2d IJ —{ za’ 1} (23)

X y

A numerical study was conducted on a column with random material properties and random rotational spring stiffness
at both ends. N = 10,000 samples of a two-dimensional random elastic field were generated using spectral representation.
Figure 3 illustrates the sample function of a two-dimensional random field simulated using spectral representation method
for various cases of correlation lengths between columns in space.
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B 5 ¥l v X
filiN I \r’ ;:[' IAQ y’\\“\v]/w:l A g vgﬂ:ﬁ ;‘:, - %;:;%:}%’ ‘
T ‘ é’ y \\‘\I"‘\\ \"'“\ II/ m\ ' v . “ \“hﬂ" "" ‘:'::'é"::?"
FN /' \ ,» W i ] S 000,

(@) dy = dy = 0.1L (b) de=dy = 1L

Fig. 2 — Realization of a 2D random field

Create a sample of size N = 10,000 from each of the normally distributed random variables r; and r2. As described in
Equation (19), the standard FEM was employed to determine each sample's critical buckling load. The statistical properties
of the critical buckling load were investigated for different correlation lengths (dx = dy = 0.005L, dx =dy = 0.1L, dy =dy = L,
dx = dy = 15L ) and standard deviations (ot = 0.05, o1 = o» = 0.05). The results are illustrated in Figure 3 the critical force
dataset was subjected to statistical analysis to determine mean, variance, standard deviation, and coefficient of variation.
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Fig. 3 — Frequency distribution of critical load

The accuracy and computational efficiency of MCs in stochastic stability analysis depend significantly on its

convergence behavior. As a statistical method, MCs exhibits a convergence rate proportional to 1/+/N , where N is the
number of realizations. This inherently slow convergence necessitates a sufficiently large sample size to ensure statistical
reliability in estimating the coefficient of variation (COV) of the critical load. In this study, N=10,000 realizations were
employed to achieve stable statistical characteristics. The presence of a two-dimensional (2D) random elastic modulus field
further increases the computational complexity, as spatial correlations influence the variability of the system response. The
spectral representation method used for random field generation introduces additional considerations for convergence, as the
number of retained spectral components affects the accuracy of the simulated field. Moreover, the correlation length of the
random field plays a crucial role in convergence behavior. Shorter correlation lengths lead to localized variations, requiring
finer discretization and potentially more realizations, whereas longer correlation lengths result in smoother variations,
reducing the required sample size. Despite the robustness of MCs, its computational cost remains a major concern. Variance
reduction techniques, such as Latin Hypercube Sampling (LHS) [35] or quasi-Monte Carlo methods [36], could be employed
in future studies to improve convergence efficiency. The results of this study indicate that beyond a certain threshold of N,
additional samples provide diminishing returns in improving statistical accuracy, suggesting the potential for adaptive
sampling strategies to optimize computational effort in stochastic structural analysis.

Figure 4 presents the results of the analysis on the influence of correlation length in the two-dimensional space on the
COV of the critical force. Figure 3a corresponds to the case where dyx = dy = d, with d varying from 0.005L to 50L. Figure 3b
shows the analysis of the COV of the critical force as a function of dy and dy, with dx and dy varying from 0.005L to 50L. It
can be observed that the COV tends to increase as the correlation length in the spatial directions increases. When the
correlation length of the elastic modulus is small, nearby points are correlated, resulting in small variations in the elastic
modulus around the mean value and, consequently, small variations in the critical force around its mean value. Therefore,
the COV of the critical force is small. Conversely, when the correlation length of the elastic modulus is large, nearby points
have little or no correlation in their elastic moduli, leading to large fluctuations in the critical force values around the mean.
As aresult, the COV of the critical force is large, corresponding to a large correlation length.
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Fig. 4 — The influence of dx and dy on the COV of the critical force

The study investigated the influence of random input parameters, specifically the standard deviation of the 2D random
field, on the COV of the critical force while maintaining a constant rotational stiffness standard deviation (o1 = o2 = 0.05).
The results are presented in Figure 5a. Similarly, the effect of the standard deviation of the rotational stiffness on the critical
force's COV was analyzed with a constant standard deviation of the 2D random field (ot = 0.05). The results are shown in
Figure 5b. It is observed that the standard deviation of the 2D random field has a significant impact on the COV of the critical
force. The COV tends to increase with increasing standard deviation of the random field, especially for considerable
correlation lengths. The influence of the rotational stiffness variability on the critical force's COV is relatively tiny for large
correlation lengths. However, for considerable correlation lengths, the effect of the elastic modulus variability on the critical
force's COV is more pronounced.
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Fig. 5 — Influence of random input parameters

The influence of the rotational stiffness of flexible couplings on the COV of the critical load is illustrated in Figure 6.
Three cases of expected values of rotational stiffness were investigated: Koz = Koz = 0, Ko1 = Koz = K, and Ko1 = Koz = 5K.
In the case of Ko1 = Koz = 0, corresponding to the case of both ends of the column being freely rotatable, the COV of the
critical load has the highest value compared to the other cases. The COV of the critical load tends to decrease as the expected
value of rotational stiffness increases. This is clearly shown for large correlation distances.
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The analysis results indicate that the randomness of the elastic modulus significantly affects the variability of the critical
load, thereby directly impacting the structural reliability. As the standard deviation of the random field increases, the
coefficient of variation (COV) of the critical load also increases, highlighting a greater level of uncertainty in the column’s
load-carrying capacity. This implies that structural performance can be significantly influenced by material variability,
particularly in designs requiring high safety factors. Furthermore, the correlation length plays a crucial role: for small
correlation lengths, material variations occur at a local scale, potentially creating weak regions that reduce overall stiffness
and increase the risk of local instability. In contrast, for larger correlation lengths, the elastic modulus varies gradually in
space, mitigating the impact of localized weaknesses while still influencing the overall structural behavior.
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Fig. 6 — The influence of rotational stiffness on the COV of the critical load

These findings emphasize the necessity of fully considering material uncertainties in structural reliability analysis.
Traditional deterministic models may fail to accurately capture the effects of material variability, especially in slender
structures that are highly sensitive to random fluctuations. Therefore, the application of stochastic analysis methods, such as
the stochastic finite element method (SFEM) or Monte Carlo simulation (MCs), is essential for more accurate predictions of
structural load-bearing capacity. These findings are not only relevant to the stability analysis of columns but can also be
extended to more complex structural systems, where material randomness plays a dominant role in reliability assessment.

4 Conclusions

This study successfully employed Monte Carlo simulations to analyze the stochastic stability of a pin-ended column
with random rotational stiffness of elastic couplings and 2D random material properties. The rotational stiffness of the elastic
couplings is assumed to be a random variable following a normal distribution, and the elastic modulus is a 2D stationary,
homogeneous Gaussian random field. The influence of random input factors on the COV of the critical load was also analyzed
in detail. The impact of the standard deviation of the 2D random field of elastic modulus on the COV is significant, with the
COV tending to increase as the standard deviation of the random field increases. Meanwhile, the influence of the standard
deviation of the random variable of rotational stiffness of elastic couplings on the COV is relatively small. Furthermore, an
increase in the correlation distance of the 2D random field leads to an increase in the COV. Still, when the correlation distance
is sufficiently large, the increase in the COV is negligible as the correlation distance continues to increase. The results of this
study allow for the prediction of the stochastic response of the column given the random input factors.
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